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'1'-0# N /(# :;/'%-!( )# O!PP#08Q&'(P )'($ &';/#&&# &<#$4'# )#$ 4@'$#$ #$%
&<#$4'# )#$ !(%0'-(%#$ )# -$'-&&#7#(%2 3<:;/'%-!( +F. )<M:50'/)83#;/#/I
40:$#(%# %!/%#?!-$ )#$ '0'%:0-$%-;/#$ %06$ )-1:0#(%#$ K
R &<:;/'%-!( #$% (!(8&-(:'-0# '0 &# !#S-#(% )# )-1/$-!( αΓ(t) ):4#()
&/-8797# )# &' $!&/%-!( ,"& +T. U
R &<:;/'%-!( #$% (!(8!($#0A'%-A# K #( #1#%C N '/$# )/ %#07# )# $'/%
−1/T01R\[−σc,σc]p + Γ(t)δ0(σ)C (!/$ (# 4!/A!($ 4'$ 7#%%0# &<:;/'%-!(
$!/$ /(# ?!07# !" &' ):0-A:# %#74!0#&&# )# p ∂tp $#0'-% :,'&# N &' ):0-A:#
4'0 0'44!0% N σ )</(# #0%'-(# #I40#$$-!(2 V& #( 0:$/&%# (!%'77#(% /(#
7/&%-4&--%: )#$ :%'%$ $%'%-!(('-0#$2
W(X(C 4!/0 '@#A#0 #%%# 7-$# #( !(%#I%# )/ 7!)6&# )<M:50'/)83#;/#/IC
(!/$ 4!/A!($ :A!;/#0 )<'/%0#$ 7!)6&#$ 0@:!&!,-;/#$ $<'44/='(% $/0 /(# )#$8
0-4%-!( -(:%-;/# #( 4'0%-/&-#0 &# ?'7#/I 7!)6&# )#$ @'&%60#$ +#( '(,&'-$
 -%.)**. 4!/0 &#$ $!&/%-!($ )# 4!&=760#$ )-&/:#$ ;/- #I-$%# $!/$ )-A#0$#$
?!07#$ 4&/$ !/ 7!-($ !74&#I#$ +A!-0 4'0 #I#74&# .! 45$" EH ℄.2 L'($ #
7!)6&#C /(# %06$ &!(,/# 7!&:/&# )# 4!&=760#$ #$% 0:)/-%# '/ A#%#/0 X ?!08
7'(% $#$ )#/I #I%0:7-%:$2 Y( ):0-% #($/-%# &' )-$%0-5/%-!( $%'%-$%-;/# )/
A#%#/0 X N &<'-)# )</(# :;/'%-!( )# O!PP#08Q&'(P +!/ 4&/%% )# $' A#0$-!(
-(@!7!,6(# &<:;/'%-!( )# [&'$!A8O!PP#08Q&'(P. K












 !"#$%&"($!  
!" Π(X) #$&'( )* +!(*,('*) #* )- .!&* #* &-++*) /0' 12*3*&* 10& )24-)(5&* #0
.-'( #*1 !,(&-',(*1 *,(&!+'/0*1 60, 7*(*0& (&51 )!,8 -4* 0,* 9!)$0)* (&51
#$+)'$* /0' - #!, 9!',1 #* 9-&8* #* 9-,:07&* +!0& 1* #$.!&9*&;< =0'7-,(
)- !9+)*3'($ #0 +!(*,('*) !, !>('*,( #*1 9!#5)*1 +)01 !0 9!',1 &$-)'1(*1? )*1
+)01 !,,01 $(-,( @















G'*, /02-0(!&'1-,( 0,* *3(*,1'!, ',C,'* #*1 +!)H95&*1 6* /0' ,2*1( +-1
&$-)'1(*; )* 9!#5)* #*1 4-)(5&*1 )',$-'&*1 - 0,* (&51 8&-,#* '9+!&(-,* *,
&4$!)!8'*? -& ') *1( $/0'7-)*,( B 0, 9!#5)* +0&*9*,( 9-&!1!+'/0* (&51
0(')'1$ @ )* 9!#5)* #* I-3J*)) 10&!,7*($ 67!'& )2-,,*3* K +!0& +)01 #2',L
.!&9-('!, 10& * 9!#5)*;< M2*1( )20, #*1 &-&*1 -1 *, &4$!)!8'* !" )2!, - 0,*
N01('C-('!, 9'&!1!+'/0* #20, 9!#5)* 9-&!1!+'/0*< O!0& 0,* &*70* #*1
&$10)(-(1 !,*&,-,( *1 9!#5)*1 ,!01 &*,7!H!,1 7*&1  ! "#$% *(  !&$'(#!
PQ ℄< F!(!,1 /0* )20, #*1 +&*9'*&1 &$10)(-(1 9-(4$9-('/0*1 #2*3'1(*,* #*
1!)0('!, +!0& )*1 9!#5)*1 #* S0'#*1 >-1$1 10& #*1 #*1&'+('!,1 ',$('/0*1 -
$($ #!,,$ +-& )!*+#,- PTU℄<
V-,1 )*1 4-+'(&*1 W? X *( U ,!01 ,!01 ',($&*11!,1 B )- 7*&1'!, 1(-('!,,-'&*
#* 6X;A6Y;? 2*1(LBL#'&* -0 +&!>)59* 10'7-,( @
0 = −G0γ˙∂σp− 1
T0
1R\[−σc,σc]p+ Γδ0(σ) + αΓ∂σσp, 6Z;
p ≥ 0, 6[;∫
σ∈R
p(σ)dσ = 1. 6W\;
*( +)01 +-&('0)'5&*9*,( B )- !9+!1$* #*1 -++)'-('!,1 @ γ˙ 7→ p )- 1!)0('!,
#* 6Z;A6W\; *( #* )2-++)'-('!, p 7→ τ !" τ *1( -)0)$  !" 6T;< K0(&*9*,( #'(?
!, 7*0( $(0#'*& )*1 !0&>*1 #* S!( -11!'$*1 -0 9!#5)* #2]$>&-0#L^*/0*03
1(-('!,,-'&*< _7'#*99*,( +0'1/02!, +-&)* #* ^K 1!)0('!, #* 6Z;A6W\; ') .-0(
12-110&*& /0* *((* 1!)0('!, *3'1(* *( *1( 0,'/0* #-,1 0, -#&* .!,('!,,*)
-++&!+&'$? * /0' *1( *3-( #51 )!&1 /0* γ˙ 6= 0 #2-+&51 0, (4$!&59* #* .+*/
'%? .+112 *( 3+1$ PWT℄ #!,( ,!01 &*#!,,!,1 )- #$9!,1(&-('!, -0 !0&1
  !"#$%&"($!



















 !"# !" #$%&'(%) *% )+(,-.+/ *, )0)-1&% 2 342!53
*, 78'.-9% !: ;/ '%,- <+.9 =,%(=,%) %$%&'(%) *% -%((%) )+(,-.+/) *8/) (8
>?,9% !:
@A./-B9C- '9./.'8( *% % 78'.-9% %)- (8 *B&+/)-98-.+/ *% (AB/+/B ),.<8/- "
 !"#$%&' ()  !"!#$ ηc = G0T0% &!'" p(γ˙, σ) ()*#'+*, $!(*"'!# -* ./!0(12,
2 332!53 (!/$+*, (, "4*5 -, '$4'((,2,#" ,$" #!# #*( ),$"787-'/, γ˙ 6= 0% 9(!/$
(,$ !2.!/",2,#"$ .!$$'0(,$ .!*/ τ(γ˙) =
∫
σ∈R
σp(γ˙, σ)dσ (!/$+*, γ˙ → 0 $!#"
(,$ $*':4#"$ ;
*+ α > σ2c/2 <, =*'-, $, !2.!/", !22, *# =*'-, #,>"!#',# -, :'$!$'"?
4..4/,#", η(α/σ2c )% &' ()!# -?@#'" η
∗(µ) .4/ (4 A!/2*(,
η∗(µ) = 1 +
3µ− 1 + 1/2(4µ− 1)3/2
24µ(µ− 1/2)2 ,
4(!/$ #!*$ 4:!#$
τ(γ˙) ∼ η(α/σ2c )γ˙
!B (4 :'$!$'"? 4..4/,#", η ,$" -!##?, .4/ η(α/σ2c ) = η
∗(α/σ2c )ηc C
*+ α < σ2c/2 <, =*'-, ./?$,#", *# $,*'( -D#42'+*, τ0% E(*$ ./?'$?2,#" ; !#
 !"#$%&"($!  














)5 τ0 -/%  )##! τ0(α/σ
2
c ) = τ
∗(α/σ2c )σc 6









!" #$%&'()" *'%,-" .&/ 0" &)*&'#")"/# ." 01 &2'3" (γ˙, τ(γ˙)) "/ 4&/5
#,&/ .2 *1'1)(#'" µ6 !"##" &2'3" "-# 7'1,)"/# 082/ ."- &2#,0- 4&/.1)"/#129
"/ '$%&0&:," ; " -&/# 0"- &2'3"- "9*%',)"/#10"- <2" 08&/ &3#,"/# .1/- 01
*02*1'# ."- .,-*&-,#,4- "9*%',)"/#129 #"0- <2" 0"- "0020"- ." !&2"##"= &2 0"-
'$%&)(#'"- /"5*01/ ?*&2' *02- ." .%#1,0 -2' 08"9*%',)"/#1#,&/ "/ '$%&0&:,"=
/&2- '"/7&@&/- A  !"#$% BCD℄= &'()#*% BFG℄ &2 +,-,. BFF℄H6 I/ #'&27"'1
."- "9")*0"- ." #"00"- &2'3"- .1/- 081//"9" J *&2' <2"0<2"- )&.(0"- 01-5
-,<2"- #"0- <2" "02, ." K,/:$1) ?L:2'" J6M *6 NMNH &2 .8O"'-$"05K20P0"@
?L:2'" J6C *6 NMFH6
Q8%/&/% "/ 02,5)R)" -,:/,L" <2" 0" )&.(0" .8O%3'12.5Q"<2"29 '"/.
&)*#" .2 *$%/&)(/" ." 01 %*'#/$%$)# 2$%*-0/- .1/- 0" )1#%',12 ; 0" S2,."
$1/:" ." #@*" '$%&0&:,<2" "/ 4&/#,&/ .82/" T#")*%'1#2'"U ." #'1/-,#,&/
V&2%" ,, *1' 01 4'1:,0,#% α ; &/ *1--" 3'2-<2")"/# .82/ &)*&'#")"/# /"W5
#&/,"/ 0&'-<2" 01 #")*%'1#2'" "-# -2X-1))"/# %0"7%" A 2/ &)*&'#")"/# A
-"2,0 0&'-<2" 01 #")*%'1#2'" "-# "/ ."--&2- .82/" #")*%'1#2'" ." #'1/-,#,&/
A 01<2"00" 0" S2,." 1 2/ &)*&'#")"/# ,/#"')%.,1,'" ." 0&, ." *2,--1/"6 I/
#'&27" 2/" ,002-#'1#,&/ ." "##" #'1/-,#,&/ 7,#'"2-" .1/- 01 L:2'" Y6N *6 MN6
!"##" *'&*',%#% 171,# %#% '")1'<2%" *1' &'()#*% "# /01*0*2 )1,- A
/&#'" &//1,--1/" /8171,# *1- %#% .%)&/#'%" 12*1'171/#6 Q1 .%)&/-#'1#,&/
-81**2," -2' 2/" "9*'"--,&/ 1/10@#,<2" ." 01 -&02#,&/ ." ?ZH[?Y\H ; "00"5, "-#
&3#"/2" *1' ,/#%:'1#,&/ ." 08%<21#,&/ .,]%'"/#,"00" "# &2*0%" 17" 2/" %<215
#,&/ #'1/-"/.1/#" ." #@*" f(γ˙,Γ) = 0 <2" 08&/ '%-&2# :'^" 12 #$%&'()" ."-
4&/#,&/- ,)*0,,#"-6 Q81/10@-" ." 081-@)*#&#,<2" γ˙ → 0 *1--" *1' 2/" %#2."
'"01#,7")"/# &)*0,<2%" .2 &)*&'#")"/# ." 01 -&02#,&/ ,)*0,,#" Γ(γ˙) 1'
 !  !"#$%&"($!
"# $%&()%& f *+( ,)%"*--*&( +)&./")01* #/ ,%)+)&#.* 2/ 3%)&( 24)&(516( (0, 0)
7,%)1 3#1 *8*-3"* +%& *831*++)%& 39 :; 2#&+ 2*+ ,#1)#<"*+ #2)-*&+)%&&5*+= x
5(#&( 31%3%1()%&&*" > Γ *( y 31%3%1()%&&*" > γ˙?9 @" $#/( 2%& 25+)&./"#1)+*1 "*
31%<"0-* 3#1 /& A#&.*-*&( 2* ,#1)#<"*+ #331%31)5*+ 7*1(#)&+ A#&.*-*&(+
2* ,#1)#<"*+ 3%/,#&( 3#1#B(1* &#(/1*"+ -#)+ &45(#&( 3#+ *C#*+ #/ D&#"?9 @"
$#/( *&+/)(* #"/"*1 "# %&(1#)&(* #++%)5* #/ 3#1#-0(1* γ˙ *( -%&(1*1 E/* "*
%-3%1(*-*&( #+F-3(%()E/* 2* Γ(γ˙) 3*1-*( 2* (1%/,*1 "* %-3%1(*-*&( 2*
τ 9 G*) &5*++)(* 2* &%/,*#/ /&* #&#"F+* #++*H -)&/()*/+* -6-* +) "*+ %/()"+
(A5%1)E/*+ +%&( #++*H <#+)E/*+9 I& *J*(= "# 2)J51*&* *&(1* "# ,#"*/1 *8#(* 7>
γ˙ D85? *( +%& #+F-3(%()E/* +/33%+5* *+( %&(1"5* 3#1 /& 31%2/)( 2* (*1-*+
2%&( *1(#)&+ +%&( +)&./")*1+ 2#&+ "# ")-)(* γ˙ → 09
L* A#3)(1*  # $#)( "4%<M*( 24/&* 3/<")#()%& 2#&+ "# 1*,/*  !"#$&'"(# )*'
+,-!./,0#! 1/#&!2/#"3 4,0 5&6$"3= NO;℄9
Q"%1+ E/* &%/+ (1#,#)"")%&+ > "# 25-%&+(1#()%& 2/ 31*-)*1 A#3)(1*= &%/+
A*1A)%&+ 3#1#""0"*-*&( > .5&51#")+*1 "* -%20"* 24R5<1#/2SL*E/*/8 > 2*+
(F3*+ 245%/"*-*&( E/) &* +* ")-)(#)*&( 3#+ #/ +*/" #+ 2/ )+#)""*-*&( +)-3"*9
I& *J*( )" *+( <)*& %&&/ E/* 3%/1 /& -#(51)#/ -6-* +)-3"*= /& +*/" (F3*
245%/"*-*&( &4*+( 3#+ +/C+#&( 3%/1 %&&#B(1* (%/(*+ "*+ 31%31)5(5+ 24/&
T/)2*9 U& 3*/( (%/( +)-3"*-*&( 3*&+*1 #/ #+ 2*+ T/)2*+ &*V(%&)*&+ %-S
31*++)<"*+ E/) %&( 2*/8 ,)+%+)(5+= *( "* )+#)""*-*&( +)-3"* &* 3*1-*( 24#,%)1
#0+ E/4> /&* +*/"* )&$%1-#()%& 7/&* %-<)&#)+%& ")&5#)1* 2* *+ 2*/8 ,)+S
%+)(5+?9 W)*& *&(*&2/= )" $#""#)( E/* "* -%20"* .5&51#")+5 .#12* "*+ <%&&*+
31%31)5(5+ 2/ -%20"* %1).)&#"9 X%/1 251)1* "* -%20"* &%/+ #,%&+ <*+%)&
2* E/*"E/*+ &%(#()%&+9 G* -%20"* *+( 2* &%/,*#/ /&* -%25")+#()%& 2* (F3*
Y%ZZ*1SX"#&Z *( *((* $%)+ "# 2*&+)(5 2* 31%<#<)")(5 *+( 25D&)* +/1 "4*+3#*
2*+ -#(1)*+ +F-5(1)E/*+ 2* 2)-*&+)%& [ *& ;2 *( 2* 2)-*&+)%& ; *& \29 L*
3%)&( .5&51)E/* 2* *( *+3#* *+( Σ = (Σij)i≤j *( p *+( 2%& /&* $%&()%& 2*+
%%12%&&5*+ Σ11= Σ22= Σ33= Σ12= Σ13= Σ239 U& "* -/&)( 2/ 31%2/)( +#"#)1*










ij , 7  ?











∇Σp = (∂Σijp)i,j. 7 ;?







dΣij . 7 :?
 !"#$%&"($!   




,#-& .% 0'12 (% *3$%44% u #" -$3.34% .%4 "#$'$3#"4 .'4435-%4 W (∇u) %$
D(∇u) 2#-& .%4 2'&$3%4 &%42%$3*%1%"$ '"$3461)$&35-% %$ 461)$&35-% (% ∇u+
7. "#-4 &%4$% 8 ()9"3& 2#-& a '22'&$%"'"$ 8 [−1, 1]:
ga(Σ,∇u) = ΣW (∇u)−W (∇u)Σ− a(D(∇u)Σ + ΣD(∇u)). ; <=
>% 1#(?.% 2&%"( '.#&4 .' @#&1% 4-3*'"$%:
∂tp(t, x,Σ) + u · ∇xp− ga(Σ,∇u) : ∇Σp =
− 2G0D(∇u) : ∇Σp(t, x,Σ)
− 1|Σ|>σc(Σ)
T0
p(t, x,Σ) + Γ(p)(t, x)ρ(Σ)
+ αΓ(p)(t, x)∆Σp(t, x,Σ) ; A=
#12.)$) '*% .' #"(3$3#" ∫
R6
p(t, x,Σ)dΣ = 1. ; B=
C'"4 .D)5-'$3#" ; A=: #" ' 4)2'&) .% 4%#"( 1%1E&% %" .' 4#11% (% $&#34
$%&1%4: 0'-" #&&%42#"('"$ '-F %G%$4  HI &%@)&%")4 2+ J+ 7. %4$ 8 "#$%&
5-% ρ K#-% .% &.% 5-3 )$'3$ ()*#.- 8 .' 1'44% (% C3&' %" 0 M % (#3$ N$&% -"%
1%4-&% 8 4-22#&$ #"$%"- ('"4 .' E#-.% -"3$): 3"*'&3'"$% ('"4 -" 4%"4 5-3
4%&' 2&)34) ('"4 .% 0'23$&% J+ O"9" #" &)-2?&% .% $%"4%-& (%4 #"$&'3"$%4




p(t, x,Σ)ΣijdΣ. ; Q=
,#-& .' #"%2$3#" (% % 1#(?.% .' 5-%4$3#" .' 2.-4 312#&$'"$% ' )$) %..%
(% .D#EK%$3*3$)+ >% 2&3"32% %4$ 5-D-"% .#3 206435-% "% (#3$ 2'4 ()2%"(&% (%
.D#E4%&*'$%-&+ O" 1)'"35-%: % 2&3"32% 4% $&'(-3$ 2'& -"% 3"()2%"('"% (%4
)5-'$3#"4 2'& 0'"P%1%"$ (% &)@)&%"$3%.+ R%$$% 5-%4$3#" %4$ #-.$)% .#&45-D#"
4% &%4$&%3"$ 8 (%4 43$-'$3#"4 (% 34'3..%1%"$ 4312.%+ S'34 D%4$ -" 2&#E.?1%
%" &0)#.#P3% .#&45-D#" 2'44% (D-" 1#(?.% %" 34'3..%1%"$ 4312.% 8 -" 1#(?.%
P)")&'.+ >D%F%12.% 2%-$TN$&% .% 2.-4 4312.% %4$ .' P)")&'.34'$3#" (- 1#(?.%




τ = G0γ˙. ; V=
 !  !"#$%&"($!





"# /".3$ %2* 2#$ )12&/!"# 12! #4$%/ 5&% !#-&*!&#/$ 5&* 6&#($.$#/ '$ *)7)8
*$#/!$+9 :+ $%/ "##2 ;-"!* +4&##$<$ = $/ +$% *)7)*$#$% 12! %4> /*"2-$#/? 12$@
5"2* "3/$#!* 2#$ )12&/!"# 12! %"!/ '$ #"2-$&2 !#-&*!&#/$ 5&* 6&#($.$#/
'$ *)7)*$#/!$+@  ! "#$% &A"2/$* '$% /$*.$% 12! %"#/ 5*)!%).$#/ ga(T,∇u)9 :+
$<!%/$ !! 2# /*"2 $#/*$ "#'!/!"# #)$%%&!*$ $/ %2B%&#/$ &* "# %&!/ 12$ +4"#
'"!/ 6&#($* +$% )12&/!"#% $/ "# %&!/ "..$#/ "# 5$2/ +$% 6&#($* .&!% "#
#$ %&!/ 5&% %4!+ $<!%/$ '4&2/*$% 7&C"#% '$ +$ 7&!*$ $/ 5"2*12"! "# '"!/ 2/!+!%$*
ga(T,∇u)9 D# "#%)12$#$@ +$ %$#% '$ $ 5&*&.E/*$ a #4$%/ 5&% +&!*9 F"..$
#"2% +4&-"#% .$#/!"##)@ !+ $<!%/$ 2#$ A2%/!G&/!"# '&#% +$ &% '$% 5"+>.E*$%
'!+2)% '$ +& -&+$2* a = 1 .&!% $*/&!#$% $<5)*!$#$% %2* '4&2/*$% .&/)*!&2<
"#'2!%$#/ H 5*$#'*$ a 5*"6$ '$ −1 5"2* 2# .$!++$2* &"*' &-$ +$% '"#8
#)$% $<5)*!.$#/&+$%9 D#G# !/"#% +$ *)%2+/&/ '$  !"#$ $/ %&$'"()! '&#%
IJK℄ 12! ."#/*$ +$ &*&/E*$ 3!$# 5"%)@ (+"3&+ $# /$.5%@ '$% %"+2/!"#% 7&!3+$%
'42# ."'E+$ 5*"6$ '2 ."'E+$ '$ M&<N$++ ;+$ ."'E+$ '4O+'*">'? '&#% +$ &%
a = 09 P"2* +$% *)%2+/&/% .&/6).&/!12$% '&#% +$ &% a 6= 0@ !+ #4$<!%/$ $%%$#8
/!$++$.$#/ 12$ '$% *)%2+/&/% '4$<!%/$#$ +"&+$ $# /$.5% '$ %"+2/!"# 7"*/$ ;-"!*
5&* $<$.5+$ *+#&,)- IQR℄?9 P"2* 2#$ *$-2$ '$% *)%2+/&/% .&/6).&/!12$%
&%%"!)% H $ />5$ '$ ."'E+$@ #"2% *$#-">"#% H .&(/ IQS℄9
T"2% *$/*"2-"#% $//$ 5*"3+).&/!12$ 5"2* +$ ."'E+$ '4U)3*&2'8V$12$2< W
"#%!')*"#% +4)12&/!"# ;R? $/ σc = 09 X&#% $ &% #"2% &-"#% Γ(t) = 1 $/
+4)12&/!"# %$ *))*!/ W
∂tp = −G0γ˙∂σp− 1
T0
p+ δ0 + α∂
2
σσp.
T"2% 5"2-"#% .2+/!5+!$* $//$ )12&/!"# 5&* σ $/ !#/)(*$* %2* R9 D# 2/!+!%&#/
;Q? "# "3/!$#/ &+"*% W
∂tτ = G0γ˙ − 1
T0
τ,
4$%/8H8'!*$ +4)12&/!"# '$ M&<N$++ ;YZ? [ $ 12! $<5+!12$ +4&55&*!/!"# '2 /$*.$
ga(Σ,∇u) : ∇Σp '&#% ;YQ?9
:+ *$%/$ H %&-"!* %! $ ."'E+$ *$#' 3$+ $/ 3!$# ".5/$ '42# 56)#".E#$
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41)*&(1)# τ 7 T# *-,02)&) ,# )*&.0() .&1, 2& '*4'4,()(41 ,0(6&1)# <
*$#+#,-.-#/ 0) +( .,'0)7,2 p 30 &-,?'@;1 D++E:D+GE &10) .<8-7-1 p = papp+








.7 σ ≤ 0,
ε .7 0 ≤ σ ≤ 1,
ε exp (−ε(σ − 1)) .7 1 ≤ σ,
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"($!





= O(ε5/2), "# $
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µ = 1 (- 1)>4.('-(, </*(+., 1( ε /)',) ?+( *( *09/.)-36( 1( */ ,0*+-)0'@
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'08,6*%*)91- .- Γ 91) 2:-0* .;<2) 91:),6/))*-,-2* 6'( /:;91'*)%2 3 >5? $'
(;6%20- @ -**- 91-0*)%2 -0* .%22;- 6'( /- /-,,- 01)7'2* #
 !""! #$  ! "#$%$&' Γ !%()& *) %'+)*,--)().&
Γ = 1 +O(ε). 3"A5
B- /-,,- -0* 1*)/)0; @ 6/10)-1(0 (-6()0-0 6%1( .;,%2*(-( /-0 -0*),'*)%20
3" 5C3""5 91)D -//-0D ,-01(-2* /' 91'/)*; .- /:'66(%E),'*)%2 .- /' 6(%6%0)F
*)%2  ? G%1(*'2* 0' .;,%20*('*)%2 2;-00)*- @ -//- 0-1/- 12 .;7-/%66-,-2*
'08,6*%*)91- '7- 0%2 6(%6(- %(*H&- .:-0*),'*)%20 .- (-0*- I
J/ K'1* 2%*-( 91- - 0+;,' .- 6(-17- 2:1*)/)0- L',')0 /- *+;%(H,- .-0
K%2*)%20 ),6/))*-0? M:12- -(*')2- K'N%2D /- (')0%22-,-2* 6'( /- *+;%(H,-
.-0 K%2*)%20 ),6/))*-0 -0* (-,6/'; 6'( 12 '(&1,-2* 1*)/)0'2* 12)91-,-2* /-
*+;%(H,- .-0 7'/-1(0 )2*-(,;.)')(-0? O2- *-//- 6(-17- 6-1* 6-(,-**(- .- .;F
,%2*(-( 12 *+;%(H,- .:-E)0*-2- 6%1( ε 6-*)* .- 3  5C3 >5 3,')0 %2 2:%P*)-2*
6'0 /:12))*; 6'( 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$- 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/- 0%1,)0 6%1( 12 21,;(% 06;)'/ .-
/$).) 12$.! 3!&2)(!&$4D .'20 /- '.(- .- /' 56).2712$.)4) /#(()6
/2,,* 01( *)4 )8)&4 %) &).4)#6 %) ,.&6!$.&)4 4#6 *)4 "#$%)4?
Q%10 0%,,-0 ,')2*-2'2* ,12)0 .:12 -(*')2 2%,P(- .:%1*)/0 6%1( 2%10
'**'91-( @ /' 91-0*)%2 01)7'2*- # /- ,%.H/- ,1/*).),-20)%22-/ 3!45 91- 2%10
   !"#$%&"($!
!"#$% #$'( !)*+,-./ )+% 01#01.2,2% %.*./!.1+% !( *#)3/+ .$.,.!/ )+ 4251!()-
6+7(+(8 9 6! 120#$%+ 7(+ $#(% !00#1,#$% : +,,+ 7(+%,.#$ )!$% /+ ;!0.,1+ <
$=+%, 0!% +$#1+ ,#(, : >!., #*0/3,+? *@*+ )=($ 0#.$, )+ "(+ >#1*+/A B#(%
0+$%#$% +0+$)!$, !"#.1 !00#1,2 )+% 2/2*+$,% 7(. /!.%%+$, : 0+$%+1 7(+ =+%,
5.+$ /+ !%A
C!00+/#$% 7(+ $#(% $#(% %.,(#$% )!$% /+ !% )=($ D(.)+ !( 1+0#% Eu = 0F?
%,!,.#$$!.1+ +, ;#*#G3$+ E0!% )+ )20+$)!$+ )+ p +$ t +, x? +, /! *!,1.+ ∇u
+%, ($+ *!,1.+ #$%,!$,+F +, +$H$ : ($ >!.5/+ ,!(8 )+ )2>#1*!,.#$ E∇u =
εMFA 6! >#1*+ )+ /=27(!,.#$ EIJF +%, !G12!5/+ )=($ 0#.$, )+ "(+ *#)2/.%!,.#$
0#(1 %! #$.%.#$ *!.%? 0#(1 0#("#.1 /=!$!/K%+1? $#(% )+"#$% ;#.%.1 ($+ 5!%+
)+ /=+%0!+ )+% *!,1.+% %K*2,1.7(+% +, +801.*+1 /=27(!,.#$ )!$% +,,+ 5!%+A
L$+ >#.% +. !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O!$% +,,+ >#1*(/!,.#$? Σ +%, /+ 0#.$, #(1!$, )+ R6? ∆ +%, /+ /!0/!.+$
(%(+/? ∇ /=#021!,+(1 )+ G1!).+$, (%(+/? | · | /! $#1*+ +(/.).+$$+ %(1 R6 +, h
+%, 1R\[−1,1]A A +%, ($+ *!,1.+ 7(. 1+G1#(0+ /+% .$>#1*!,.#$% 01#"+$!$, )(
,+1*+ ga(Σ,∇u) : ∇Σp )!$% /! >#1*(/!,.#$ EIJF !/#1% 7(+ A0 +%, ($ "+,+(1
7(. 01#".+$, )+ G0D(∇u) : ∇Σp P A $+ )20+$) )#$ 7(+ )+ M +, a !/#1% 7(+
A0 $+ )20+$) 7(+ )+ M +, )+ G0A
Q$ /+ "#.,? /+ 01#5/3*+ +%, >#1*+//+*+$, ,13% 1+%%+*5/!$, : E  FRE <F? :
/! ).S21+$+ $#,!5/+ 7(+ /! ".,+%%+ )( ,1!$%0#1, $=+%, 0/(% #$%,!$,+A
B#(% !"#$% ,1!"!.//2 %#(% /=;K0#,;3%+ 7(=./ +8.%,!., !( *#.$% ($+ %#/(,.#$
!( 01#5/3*+ ENJF + 7(. +%, /#.$ )=!//+1 )+ %#.A T!.% 1!00+/#$% 7(+ $#,1+ #5-
U+,.> 2,!., ($.7(+*+$, )=+80/..,+1 /+% #*0#1,+*+$,% 0#%%.5/+% 0#(1 $#,1+
*#)3/+ : >!.5/+ .%!.//+*+$, !H$ )+ "!/.)+1 %#$ 0#,+$,.+/ M %. /+ *#)3/+ %=21#(-
/!., )!$% + )#*!.$+? ./ >!//!., /+ *#).H+1A
B#(% !//#$% 2$#$+1 7(+/7(+% 12%(/,!,% 7(. %#$, "!/.)+% )!$% !( *#.$%
)+(8 !% 7(. %#$, .$,21+%%!$,% )( 0#.$, )+ "(+ 1;2#/#G.7(+ M
!"#!$$%&%'( "!&)$% * =+%, /+ !% /#1%7(+ /! *!,1.+ M "!(,
M =
0 1 00 0 0
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 .
V$ +S+, $#(% )+"#$% 1+,1#("+1 /+% *@*+% 12%(/,!,% 7(+ 0#(1 /+ *#)3/+
)=4251!()-6+7(+(8 7(. +%, 2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 !"#$%&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8 '( %7;=*$ ,1.&35
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#$- 2,# 5),-0), %# Σ #- Rk 2,# 5),-0), %# (Σ/|Σ|, θe(Σ)/ε2/5)!
=! >&?,0$$),$ E (. $)(2-0), %#{
−∆E = ρ %.,$ |Σ| ≤ 19
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 ! µ > µc"  !"#$ ! $"!%&'"( () *)%&  +"'# %( ,-+)!"**).)(& /%) ,) &0*)
"#$% "% "#&%1
 ! µ = µc"  !"#$ ! $"!%&'"( () *)%&  +"'# %( ,-+)!"**).)(& /%) ,) &0*)
"#'% "% "#&%1
 ! µ < µc"  !"#$ ! $"!%&'"( () *)%&  +"'# %( ,-+)!"**).)(& /%) ,) &0*)
"#&%2
()**+ ), -+ .)/01 + 3456-070 +50 8-65 97/:-+ ;6+ 5), 7,7-)<6+ 1d1 -7 83)=
8)5/0/),  1 73 /- ,+ 8+3*+0 875 >?755)/+3 @ 6,+ <7**+ >+ µ 6, 5+6- 0A8+
>+ >4.+-)88+*+,0 75A*80)0/;6+ +B+804 >7,5 -+ 75 µ < µcC D7 37/5), +, +50
-7 56/.7,0+ E +, 1d1 -+ 83):-F*+ 9),>7*+,07- >+ 0A8+ "#&% 97/0 /,0+3.+,/3 6,+
4;670/), >+ 0A8+ F (c) = µ "-?/,),,6+ +50 c% +0 ,)65 57.),5 7-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83+55/), 7,7-A0/;6+ >+ F E ,)65 57.),5 >),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9),>7*+,07- 755)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+0 5+6-+*+,0 5/1 23/2µ +50 6,+ .7-+63 83/5+ 873 6,+ 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0/), F C (+00+
9),0/), +50 >4H,/+ >+ -7 97I), 56/.7,0+ E ,)0),5 Hν -7 5)-60/), >6 83):-F*+
56/.7,0 E {
− ν∆Hν + (AΣ + A0) · ∇Hν = νρ >7,5 |Σ| < 1,
Hν = 0 563 |Σ| = 1,
"! %
7-)35 F (ν) +50 5/*8-+*+,0 -?/,04<37-+ >+ Hν 563 -7 :)6-+ 6,/04C J)65 +307/,+5
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)3+ 6,+ 9)/5 .43/H4+5 8)63 -+5 75 8730/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+--+5 >+ -7 83)8)5/0/), !CL% 834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-7 5036063+ >+ -?)84370+63 >+ 037,58)30 AΣ + A0 +, /*8)57,0 ;6+ -+5 7=
37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+5 -/*/0+5 ,4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-?4;670/), " %% +0 5+6-+*+,0 >7,5 -?+587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D*,#1/.#'> #/"' #% ',?/#' $,' ;*1/#-)%) +"% &, E/#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&")%> #/"' ,&&/#' $)*'%#-%) &%' -),?,"F +"% #/"' ,?/#' %K%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 ;%"F $)/B&C1%' .''"' $/") &@"#
;% &, B./&/<.% 0%- 1O1% ;% &, 1*;%.#%7 %- $/") &@,"-)% %''%#-.%&&%1%#- ;% &,
J.1.% 01O1% '. ;%' /#'.;*),-./#' $JG'./&/<.+"%' '%)/#- $)*'%#-%'78
9% J,$.-)% ! %'- 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-./#' '/#- .#(#.1%#- ),$.;%' $,) ),$$/)- = &, ;.K"'./#8
9% /#-%F-% .#.-.,& *-,.- ;% ;*).)% &, B,&#*/-J*),$.% R ;,#' % 1/;% -J*),P
$%"-.+"%> &%' $,-.%#-' '/#- .11%)<*' ;,#' "# B,.# %#).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%(#$ 4(/,.(#$ 4) 5' 6#&7) 8
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%#,% )$ 3%'$% #$%&'($% -'& 5). &)5'%(#$. Γ(X) = 0 #= Γ : RM → RM−1* +( #$
3&(% 5' #,&>) ? 5'0,)55) '--'&%()$% X 4) 6'@#$ )A-5(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4)B&3 4) 5(>)&%3 κ ∈ RC #$ -),% 3&(&) X(t, x) = φ(κ(t, x))* D130,'%(#$ 9:;<
4#$$) '5#&. 51($6#&7'%(#$ .,(2'$%) .,& κ 8
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F#(( 4#$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'. (5 $1G ' )&%'($)7)$% -'. 4) .#5,%(#$ H
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B%&' 1/.,+ $%7' 4),',#$' ( $%),'%/+. :',$ $/ J &# #/#.&1,#'&/#(+ 2/)1> (#. (
),+(=($&/# $/ ( T,)/ '$),'' '$($, :.,'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L%($ -, (), ),(++3 &#$,),'$,. &# &' $%,  $ )' 0 &"00 &# $%, 1($,)&(+ 0&A,#
<3 τ =
∫
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%&'( φµ '(72 8&5#( &<;7&&%72 /2
=)*>? ,(- 4# 0,5# @6.% %' .%1-2 %0# /#0,5&'16 '3 %0&. 31(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5$0$(5$() ?@ 4,5$2 F$ .$-$. ), )#$ F,.B ,- /#0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*( σ F#*# F$ ,3)'*( 3+ -,.4'22+ .$4,C*(8 )#$ )$.4 ∂tp *( 6D7 =7 "#*/ */ )#$
/)'.)*(8 0,*() ,- ,&. /)&5+7 E$ /#'22 '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# F$ 8*C$ '8'*( 3$2,F -,. ,(C$(*$($7
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,..$/0,(5*(8
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.,/,0* /).$// F#*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&.C$7
@$) &/ (,F $L02'*( #,F F$ ,3)'*( )#$ (,(5*4$(/*,('2 /+/)$4 6D7D= F$
&/$ *( )#$ .$/) ,- )#*/ F,.B7 E$ )'B$ )#$ /'4$ (,)')*,(/ '/ 6#47 *( #$.
P?Q )#$/*/ 9 D℄7 E$ #'C$ ), #,,/$ ' )*4$ /'2$ T F#*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8*C$( 3+ σc )#$( '22 ,- )#$ %&'()*)*$/ '00$'.*(8 *( 6D7 = 3$,4$X
 !"! #$%&%'()(*+' +, (-% .)*' /%&01(&  !
t′ = t/T, σ′ = σ/σc, b = T γ˙
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p′(t′, σ′)dσ′ = T0Γ(p(Tt
′)).
"#$ %&' ()**)+,#- #)#$,.'#/,)#"* )#/%"#%/ "11'"2 ,# %&' /3/%'.
De =T/T0 µ =α/σ
2
c λ =G0/σc 45678
9' :#$ &'2' De %&' /);"**'$ <'=)2"& #>.='26 ?&'# %&' #)#$,.'#/,)#"*
/%"%,)#"23 @A=2">$;B'C>'>D 'C>"%,)# +' &"E' )=%",#'$ ,/ 4+' &"E' $2)11'$
%&' 12,.'/ ()2 %&' /"F' )( *"2,%38G
−λb∂σp−Deh(σ)p+DeΓ(p)δ0(σ) + µDeΓ(p)∂2σp = 0.
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I 2'*"%'$ %)1, %) %&' /%>$3 )( /%"%,)#"23 /)*>%,)#/ )( %&' @B .)$'* ,/
%&' C>'/%,)# )( *)#-;%,.' ='&"E,)>2 )( %&' /)*>%,)# %) %&' %,.';$'1'#$'#%
'C>"%,)#6 ?&,/ &"/ =''# "$$2'//'$ ,# /).' "/'/ =3  !"$% "#$ &' ()*%
,# J5K℄ =3 "# '#%2)13;$'"3 .'%&)$6
 !" #$%&%'()(*+' +, (-% .)*' /%&01(&
M,2/%*3 +' -,E' "-",# %&' 'D,/%'#' "#$ >#,C>'#'// %&')2'. 4+&,& "# 1"2%*3
=' ()>#$ ,# J57℄8 +' 2'*3 >1)#G
 !"#$"% &'&'  !"#" "$%&'& ( )*%+)" &,-)'%,* p ', "+)('%,* 45658 .%'! ,*0
1%'%,*& 456N8 .!%! %& ,2 '!" 2,#34
p(σ, b) =

α+ exp(β+(σ + 1)) %2 σ ≤ −1
α+(1− ρβ+ + ρβ+ exp((σ + 1)/ρ)) %2 −1 < σ ≤ 0
α−(1− ρβ− + ρβ− exp((σ − 1)/ρ)) %2 0 < σ ≤ 1
α− exp(β−(σ − 1)) %2 1 < σ
456O8
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%& '("&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 !"#" α+ $%& α− $%& '!" )%*'$%'* ρ, β+, β− &"+"%& )% b $%& $ ,$#-$./"
Γ0 1!" $'2$/ *)/2'-)% -* '!" )%" 3)#  !-!  " !$," '!" $&&-'-)%$/ #"/$'-)%
















































































45-%6 Γ -% '"#7* )3 b0 8'2$//9  " !$," Γ = Γ(p)0 :)#"),"#; *-%" ∂xg(x, y) >
0 3)# $// x $%& y +)*-'-," '!"% '!"#" "5-*'* $ 32%'-)% φµ &"4%"& )% ]0,+∞[
'!$' 6-,"* Γ = φµ(λb/De)/µ0
"#$ %&' ()*' #+ (',+-#/%)0/1'/%2 %&0( 3$#3#(0%0#/ 0( 3$#4'5 0/ 5'%)0,( 0/
633'/507 89: ;<'' ),(# 633'/507 89= +#$ 5'%)0,( #/ %&' >/0?>'/'(( 3)$% @&0&
$'?>0$'( ) (3'0), )$'A9 B&'/ C'+#$' @' )/ %>$/ %# %&' 1)0/ $'(>,% #+ %&0(
3)3'$ @' &)4' %# 3$#4' %&' +#,,#@0/D
 !"#"$%&%"' ()() <"' φµ '!" 32%'-)% &"4%"& -% =#)+)*-'-)% >0>0 ?)# ","#9
µ  " -%'#)&2" φ¯µ; '!" 4#*' %)% @"#) '"#7 )3 '!" "5+$%*-)% )3 φµ $' y = 0
'!$' -* ') *$9  " !$," φµ(y) ∼ φ¯µ(y)0 1!"% '!"#" "5-*'* $ +)*-'-," )%*'$%'
c(µ) *2! '!$'  !"% y &"#"$*"* ') A  " !$,"B
%* µ > 1/2+ φ¯µ(y) = c(µ),
%* µ < 1/2+ φ¯µ(y) = c(µ)y,
%* µ = 1/2+ φ¯µ(y) = c(1/2)y
4/5.
B&'(' C'&)40#>$( )/ C' (''/ #/ "0D>$' 8989 B&' 5'E/0%0#/ #+ c(µ) 0/
')& )(' 0( D04'/ ),#/D(05' %&' 3$##+ #+ %&0( #$#,,)$F 0/ <'%0#/ 89 9 G' )/
/#@ (%)%' ;0/ 3&F(0), 4)$0)C,'(A %&' 1)0/ $'(>,% #+ %&0( 3)3'$H
,-."!./ ()0) C" %)'" ηc = G0T00 <"' p(γ˙, σ) ." '!" 2%-D2" *)/2'-)% 6-,"%
.9 =#)+)*-'-)% >0> $' *!"$# #$'" γ˙0 1!"%  " !$," '!" 3)//) -%6 ."!$,-)2#*
3)# '!" 32%'-)% τ(γ˙) =
∫
σ∈R
σp(γ˙, σ)dσ $' γ˙ → 0B
1* α > σ2c/2 '!" E2-& ."!$,"* /-F" $ G" ')%-$% E2-&  -'! $% $++$#"%' ,-*)*H
-'9 η(α/σ2c )0 <"' 2* 4#*' &"4%" η
∗(µ) ,-$ '!" 3)#72/$
η∗(µ) = 1 +
3µ− 1 + 1/2(4µ− 1)3/2
24µ(µ− 1/2)2



















"#$%&' !(!) *%+'&#-. /'0&'1'23-3#42 45 φµ 54& µ = 0.3, 0.5 -26 0.8(
 ! "#!$ #%&!
τ(γ˙) ∼ η(α/σ2c )γ˙
'#!(! "#! %))%(!$" &*+-+*". η *+ /*&!$ 0. η(α/σ2c ) = η
∗(α/σ2c )ηc1
 ! α < σ2c/2 "#! 23*4 )(!+!$"+ % +"(!++ "#(!+#-54 τ01  ! 6(+" 4!6$! c "- 0!














 ! "#!$ #%&!
τ(γ˙)→ τ0(α/σ2c )
'*"# τ0 /*&!$ 0. τ0(α/σ
2
c ) = τ
∗(α/σ2c )σc1








78#1 38'4&'+ #1 #+04&3-23 9'-%1' #3 6'1&#9'1 - 3&-21#3#42 :8#8 #1 42' 45
38' 8-&-3'&#13# 5'-3%&'1 45 $.-11; +-3'&#-.1( "#$%&' !(< 184:1 38' 6#='&'23
 !  !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01

















"#$%&' ()!* +%,'&#./ 0'1&'2'34.4#53 56 τ 65& µ = 0.3, 0.5 .37 0.8)
8#372 56 9':.;#5%& 53' ,.< =37) >:'2' .2<,1454# &'2%/42 .3 9' 65%37
?#4:5%4 1&556 #3 @A9&.%7B2 C@D 4:'2#2 .37 2%92'E%'34/< 53 2';'&./ 54:'&
C:<2#2 1.1'&) F%4 4:#2 #2 .4%.//< 4:' =&24 4#,' 4:.4 . ,.4:',.4#./ 1&556
56 4:#2 4:'5&', #2 $#;'3) G' ?'&' ./25 .9/' 45 $#;' 4:' 3%,'&#./ 5324.342
#3 4:' .2<,1454# 65& .// µ ?:'&'.2 53/< 4:' .2'2 µ→ 1/2 :.7 9''3 $#;'3)
>:' 65//5?#3$ 5&5//.&< ,#$:4 9' %2'6%/ 455*
 !"!##$"% &'&'  !"# µ = α/σ2c $% '(%" )( *+, -" !./"0











 !" #$%&'()(* ,-./0*)12 )3 φµ(y) /( y → 0
F'65&' ?' .3 4%&3 45 4:' ,.#3 15#34 56 4:#2 1.1'&H 4:.4 #2 45 2.< 4:' 9'I
:.;#5%& 56 4:' ,.&5251# 24&'22 .2 y 7'&'.2'2 45 JH ?' ?#// 3''7 4:' 9'I
:.;#5%& 56 φµ K4:' 6%34#53 7'=3'7 #3 C&5152#4#53 ()(L .2 y 7'&'.2'2 45 J
'M1/##4/<) N37''7H #4 #2 '.2#'& 45 4:#38 56 4:' 25/%4#53 45 K()(L .2 7'1'37#3$
53 4?5 1.&.,'4'&2 x .37 y .37 ?:'3 /558#3$ 65& y 7'1'37'34 9':.;#5%&
45 &',',9'& 4:.4 x .37 y .&' /#38'7 ;#. x = φµ(y) K2'' O11'37#M ()P 65&
#324.3'L) Q'4 %2 &'.// :'&' 4:.4 φµ #2 7'=3'7 #,1/##4/< 9< 4:' &'/.4#53
fµ(φµ(y), y) = 0 .37






































































'() *+,./0, φµ (12 3/4)5),. 6)(17/0+52 8/.( 3/4)5),. 719+)2 0* µ 8(/(
/2 .() :52. 2/;, 0* .() .51,2/./0,$ '() 5)2. 0* .(/2 2)./0, /2 3)70.)3 .0
0<=+.) .()2) 6)(17/0+52 1,3 .0 =507) .()< 5/;050+29> .(1. /2 .0 21> .0
=507) ?50=02/./0, #$#$
 !"! #$% &'()*%&+ -&% µ > 1/2
'() *+,./0, fµ /, "#$%& (12 1 7)5> 8/93 6)(17/0+5 1. .() ,)/;60+5(003 0*
(0, 0)$ @08)7)5A /. 1, 6) 0,./,+)3 "8/.( .() 21<) *05<+91& 8/.( 1 C∞
5);+915/.> 0, .() 30<1/, R
∗









*05 1,> =02/./7) c$ '() *+,./0, ζ : c 7→ (1 + 3√c + 4c + 2c√c)/(2√c + 2)A
/2 2.5/.9> /,5)12/,; 07)5 R+ 1,3 .),32 .0 1/2 12 c → 0$ D0,2)E+),.9>A *05
)7)5> µ > 1/2 .()5) )F/2.2 c(µ) > 0 2+( .(1. ζ(c(µ)) = µ 8(/( 1<0+,.2 .0






H, .() 0.()5 2/3)A ∂xfµ(c(µ), 0) 1,,0. 6) I)50$ B) 1, .(), 1==9> .()
/<=9//. *+,./0, .()05)< *05 fµ 1. =0/,. (c(µ), 0) 1,3 8/.( .() +,/E+),)22
=50=)5.> 8) (17) <13) *05 φµ(y) 8) (17) .(1. ∀µ > 1/2, lim
y→0
φµ(y) = c(µ)$
J05 µ > 1/2 8) =02) φ¯µ(y) = c(µ)$
G2 1 <1..)5 0* *1. 8) 8/99 ,))3 1,0.()5 .)5< /, .() )F=1,2/0, 0* φµ 1.
y = 0 8(/( 8) 1, 06.1/, /, .(/2 12) 6> 0<=+./,; .() 3)5/71./7)2 0* φµ$
B) :,3 .(1. 8) (17) φ′µ(0) = 0 1,3 φ
′′
µ(0) 6= 0$ '(+2 8) (17)
φµ(y)− φ¯µ(y) ∼ c1(µ)y2 "#$K&
12 y ;0)2 .0 I)50$
   !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01
 !"!# $%&'()(*+%, .)/01+1(.* 2.% +3&3 µ ≤ 1/2
!" $% %&'" '($' $) µ '"%*) '& +,-. c(µ) '"%*) '& /. 0"$*1%2 3) '& 4"01"5"
'($' $) µ '"%*) '& +,-. φµ(y) '"%*) '& / $) y '"%*) '& /6 !" '(3) %""* '&
7$8" $ ($%2" &9 5$:1$40" 1% &:*": '& $00"51$'" '(" *1;30'< 1% '(" 511%1'< &9
=/./>6 !" '("% ?&)" X = x $%* Y = y/x6 @(" 7$? T : (x, y) 7→ (x, y/x) 1) $
C1A*1B"&7&:?(1)7 &9 R∗+ ×R 1% 1')"09 C(&)" 1%5":)" 7$? 1) T−1 : (X, Y ) 7→
(X, Y X)6
!" '("% 2"' $ %"C 93%'1&%D







+X cosh(Y ) + (3
X
Y




+ Y X) sinh(Y )
+
√














E"' 3) %&'" '($' '(1) 93%'1&% *&") %&' ($5" $ )1%230$:1'< $' Y = 06 F% '("
µ < 1/2 $)" C" C1)( '& )(&C '($' (X, Y ) = T (φµ(y), y) '"%*) '& (0, 1/c(µ))
C1'( c(µ) > 0 $%* 1% '(" µ = 1/2 $)" C" C1)( '& )(&C '($' (X, Y ) '"%*)
'& (0, 0)6 !" '(3) %""* '& )'3*< Fµ 1% $ %"12(4&:(&&* &9 '(" $G1) X = 06
F%*""*. Fµ $% 4" &%'1%3&3)0< &%'1%3"* $' {X = 0}6 H&C"5":. *3" '& '("
)I3$:" :&&'. '(" *":15$'15") &9 Fµ '"%*) '& +∞ $) X '"%*) '& /6 F' 1). '(3).
%&' ?&))140" '& &%'1%3" Fµ C1'( $ C1 :"230$:1'< &% $ %"12(4&3:(&&* &9 '("
$G1) {X = 0} $%* C" C100 %&' 4" $40" '& $??0< '(" 17?011' 93%'1&% '("&:"7
*1:"'0< &% Fµ $) C" *1* &% fµ 9&: µ > 1/26
!" :"7$:8 '($' 19 C" %&'"






+X cosh(Y ) + (3
X
Y




+ Y X) sinh(Y )
B(X, Y ) =Y 2X2 + 4X












Fµ 1) 1% :"$01'< &9 '(" 9&:7
Fµ(X, Y ) = Aµ(X, Y ) +
√
B(X, Y )Cµ(X, Y ).
 !"! #$%&'()(* ,-./0*)12 )3 φµ(y) /( y → 0  !
"# $%&' '( )#*(+# ',# -./%)# )((' '( )#*(+# ',# 0)(12#* (3 ',# (&'56
&/5'7 (3 ',# 8#)5+%'5+#9 "# ',/- 5&')(8/# ',# 3/&'5(& Gµ 8#:&#8 17
Gµ(X, Y ) = Aµ(X, Y )
2 − B(X, Y )Cµ(X, Y )2.
;,# )#2%'5(& Fµ(X, Y ) = 0 2#%)27 5*025#- Gµ(X, Y ) = 09 </' $# %)# 5&'#)6
#-'#8 5& ',# )#+#)-# 5*025%'5(& %&8 0%7 %''#&'5(& '( ',# -5=&- (3 ',# '#)*-
5& ',# #./%'5(&9 "# ,%+# 5& 3%' ',%' Fµ(X, Y ) = 0 5- #./5+%2#&' '(>{
B(X, Y ) = 0
Aµ(X, Y ) = 0
()

B(X, Y ) > 0
Aµ(X, Y ) = 0
Cµ(X, Y ) = 0
()

B(X, Y ) > 0
Aµ(X, Y )Cµ(X, Y ) < 0
Aµ(X, Y )
2 − B(X, Y )Cµ(X, Y )2 = 0
?@9@AB
"# ,%+# 02(''#8 (& C5=/)#- @9D %&8 @9 ',# /)+#- {Aµ = 0}E {B = 0} %&8
{Cµ = 0} %2(&= $5', ',# 0%)'- (3 ',# (X, Y ) 02%&# $,#)# $# ,%+# #./5+%2#&#
1#'$##& ',# )#2%'5(&- Fµ = 0 %&8 Gµ = 09 C5&%227E 2#' /- &('# ',%' Gµ 5-
%&%27'5 5& ',# $,(2# 02%&# (X, Y )9
 !"!# $%& ()& µ < 1/2
F& ',5- %-#E $# %)# 5&'#)#-'#8 5& ',# 0(5&'- (0, 1/c)E 3() $,5, B +%&5-,#-9
G(&-#./#&'27E Gµ +%&5-,#- %' (0, 1/c) 53E %&8 (&27 53 Fµ +%&5-,#- %&8 53E %&8











;,# 3/&'5(& χ : c 7→ c(cosh(1/c) − 1)/ sinh(1/c) 5- -')5'27 5&)#%-5&=E
'#&8- '( A $,#& c '#&8- '( A %&8 '#&8- '( 1/2 $,#& c '#&8- '( +∞9 ;,#&
3() %22 µ < 1/2E ',#)# #H5-'- % /&5./# c(µ) > 0E -/, ',%' Aµ(0, 1/c) = 09 "#
)#*%)I ',%' $# ,%+# ',# 3(22($5&= 0)(0#)'7>
∂Gµ(X, Y ) = 2A(X, Y )∂A(X, Y )− ∂B(X, Y )C(X, Y )2
− 2B(X, Y )C(X, Y )∂C(X, Y ).
 !  !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01
"#$%&' ()*+ ,'--#.$ /0 -1' A2B 3.4 C 0%.-#/.6 #. -1' 7X2Y 8 9:3.' 0/& µ = 0.3)
;1' $&'< 3&'3 /&&'69/.46 -/ -1' 93&-6 =1'&' Fµ(X, Y ) = 0⇔ Gµ(X, Y ) = 0)
;1' %&>'6 3&' 4'?.'4 /. -1' =1/:' 9:3.' '>'. #0 /.:< -1' 93&- X > 0 #6
91<6#3::< &':'>3.-)
=1'&' ∂ 4'./-'6 3 4'&#>3-#>' =#-1 &'69'- -/ '#-1'& X /& Y
@/= B(X, Y ) = Y 2X2 + 4X 6/ =' 13>' ∂XB(0, 1/c(µ)) = 4) A/.6'B
C%'.-:<2 ∂XG(0, 1/c(µ)) #6 'C%3: -/ −4C(0, 1/c(µ))2 =1#1 #6 ./- D'&/ 7/. -1'
/.-&3&<2 ∂YG(0, 1/c(µ)) #6 :'3&:< D'&/8 E'3%6' Cµ(0, 1/c(µ)) = c
2 sinh(1/c)+
c =1#1 #6 9/6#-#>' 736 c #6 9/6#-#>'8) F' -1'. 13>' ψ 3 6G//-1 0%.-#/.
73- :'36- C∞8 6%1 -13- ψ(1/c(µ)) = 0 3.4 Gµ(ψ(Y ), Y ) = 0 0/& Y #.
3 .'#$1E/%&1//4 /0 1/c(µ)) H/&'/>'& =' 13>' ∂Y ψ(1/c(µ)) = 0 E'3%6'
∂YG(0, 1/c(µ)) = 0)
F' ./= 13>' -/ 1'I #0 -1' 93&- Y 6= 0 /0 -1' %&>' Y 7→ (ψ(Y ), Y )2 #6
&'3::< -1' %&>' Fµ(X, Y ) = 0 6/ =' 13>' -/ 1'I -1' 6#$.6 /0 Aµ(ψ(Y ), Y )2
B(ψ(Y ), Y ) 3.4 Cµ(ψ(Y ), Y ) 3.4 >'&#0< #0 =' 3&' #. /.' /0 -1' 36'6 /0
JC%#>3:'.' 7()(K8) F' 61/= -13- =' 3&' #. -1' -1#&4 36')
F' 63#4 -13- =' 13>' Cµ(0, 1/c(µ)) > 0) ;1'. E< /.-#.%#-<2 0/& Y ./-
-// 03& 0&/G 1/c(µ)2 Cµ(ψ(Y ), Y ) #6 9/6#-#>') F' ./= 1'I -1' 6#$. /0
Y 7→ B(ψ(Y ), Y )) L- 1/c(µ) -1#6 0%.-#/. #6 D'&/ 3.4 /.' 3. 1'I -13- #-6
?&6- 4'&#>3-#>' 3:6/ >3.#61'6) M-6 6'/.4 4'&#>3-#>' 1/='>'& #6
4ψ′′(1/c(µ)) = ∂YAµ(0, 1/c(µ))
2/(2Cµ(0, 1/c(µ))
2).
N. -1' /-1'& 13.4 Y 7→ Aµ(ψ(Y ), Y ) >3.#61'6 3- 1/c(µ) 3.4 #-6 ?&6- 4'&#>3B
-#>' #6 ∂YAµ(0, 1/c(µ))) F' 3&' -1'. $/#.$ -/ 61/= -13- ∂YAµ(0, 1/c(µ)) < 02
 !"! #$%&'()(* ,-./0*)12 )3 φµ(y) /( y → 0  !
"#$# "$&& '&&(" )* +( (,&)-. +#'+ /(0 Y > 1/c(µ)1 Aµ(ψ(Y ), Y ) < 01
Cµ(ψ(Y ), Y ) > 0 ',- B(ψ(Y ), Y ) > 0 ',- +#'+ Fµ(ψ(Y ), Y ) = 02 3. ,(+. c




(c2 sinh(1/c)− 2c3(cosh(1/c)− 1))








9.')*. (2c3(cosh(1/c)− 1))/µ− 2c2 sinh (1/c) = 0 97 -.:,$+$(, (/ c(µ)2 ;.+
)* ,(" (,*$-.0 +#. /),+$(,
α : t 7→ 2t
2 sinh(1/t)2
t(cosh(1/t)− 1) − 2t cosh(1/t)
". #'<. +#'+ α(c(µ))− 2c
3
µ
(cosh(1/c) − 1) = ∂YAµ(0, 1/c) ',- +#'+ α(t) =
−2t2 3. ', +#)* (,&)-. +#'+ ∂YAµ(0, 1/c) < 02
=#. 0.&'+$(, Fµ(ψ(Y ), Y ) = 0 &.'-* +( fµ(ψ(Y ), Y ψ(Y )) = 0 ',- +#.
),$>).,.** 60(6.0+7 ". #'<. /(0 φµ '&&("* )* +( "0$+. ψ(Y ) = φµ(Y ψ(Y ))1
/(0 '&& Y > 1/c(µ)2 ?7 &.++$,@ Y @($,@ +( 1/c(µ) ". *.. +#'+ ". 5)*+ #'<.






"#$# ". ', (,&)-. +#'+ φµ(y)/y → c(µ)2 3. #'<. +#., *#(", +#'+
φµ(y) ∼ c(µ)y $, ' ,.$@#9()0#((- (/ y = 0 /(0 µ < 1/22 A, +#$* '*. ". 6(*.
φ¯µ(y) = c(µ)y2 B* $, +#. '*. µ > 1/2 ". &((4 /(0 5(0. $,/(05'+$(, (, +#.
.C6',*$(, (/ φµ(y)2 3. )*. +#. 0.&'+$(, φµ(y) = ψ(y/φµ(y)) ',- )*. +#'+





'* y @(.* +( G2 A,+.0.*+$,@&7 .,()@#1 ". -( ,(+ #'<. ' *.(,- +.05 (/ +#.
.C6',*$(, *$,. ". -( ,(+ 4,(" +#. *$@, (/ +#. -$H.0.,.2
 !"!" #$% '(% µ = 1/2
3. ', +0.'+ +#. '*. µ = 1/2 $, +#. *'5. "'7 +#'+ ". -$- /(0 µ < 1/2 97
*+)-7$,@ +#. /),+$(, G1/22 I$0*+&7 ". ,(+$. +#'+ G1/2(0, 0) = 02 3#'+J*
5(0. ". #'<. ∂XG1/2(0, 0) = −16 "#$# '&&("* )* +( )*. +#. $56&$$+ /),+$(,
+#.(0.5 D(,&7 $, +#$* '*. $+ $* *$56&.0 *$,. ". -( ,(+ #'<. (,*+',+* +#'+
 !  !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01
"#$%&' () * +',,#-$ ./ ,0' A1B 2-3 C /%-,#.-5 #- ,0' 6X1Y 7 892-' /.&
µ = 0.5) :0' %&;' G1/2(X, Y ) = 0 -''35 ,. 5,2&, 2, (0, 0) 2-3 <' 5'' ,02,
,0' ='02;#.%& ./ A 2-3 C 2, ,0#5 8.#-, #>8.5' 2 5,&.-$'& .&3'& ./ 2--%92,#.-
/.& ψ
3'8'-3 .- µ7) ?' 5,#99 -.,' ψ ,0' /%-,#.- 3'8'-3#-$ .- Y 5%0 ,02, ψ(0) =
0 2-3 <' 02;' #- ,0' ;##-#,@ ./ (0, 0)1 G1/2(X, Y ) = 0⇔ X = ψ(Y )) ?' -.<
0'A =@ #>89##, 3#B'&'-,#2,#.- ,02, ,0' C&5, ,0&'' 3'&#;2,#;' ./ ψ 2, D ;2-#50
2-3 ,02, ψ(4)(0) = 1/24) E.-5'F%'-,9@ ψ #5 8.5#,#;' #- 2 -'#$0=.%&0..3 ./
Y = 0) ?' 02;' C1/2(0, 0) = 2 <0#0 $#;'5 %5 ,0' 5#$- ./ C1/2(ψ(Y ), Y ) /.&
5>299 Y 2-3 <' -'G, 02;' ,. 0'A ,0' 5#$-5 ./ B(ψ(Y ), Y ) 2-3 A(ψ(Y ), Y ))
?' 0'A ,02, Y 7→ B(ψ(Y ), Y ) 025 #,5 3'&#;2,#;'5 2, Y = 0 'F%29 ,. H'&. %8
,. .&3'& I #-9%3'3 2-3 ,02, #,5 /.%&,0 3'&#;2,#;' #5 8.5#,#;' 2, Y = 0) :0%5
B(ψ(Y ), Y ) #5 8.5#,#;' /.& 5>299 Y ) J- ,0' .,0'& 02-31 ,0' C&5, 3'&#;2,#;' ./
Y 7→ A1/2(ψ(Y ), Y ) ;2-#50'5 2, Y = 0 2-3 #,5 5'.-3 3'&#;2,#;' #5 −1/3) ?'
,0%5 02;' ,02, A1/2(ψ(Y ), Y ) #5 -'$2,#;' /.& 5>299 Y ) ?' 2- -.< .-9%3'
,02, F1/2(ψ(Y ), Y ) = 0 /.& Y #- 2 -'#$0=.%&0..3 ./ D)
?' 02;' 2$2#- ,02,1 φ1/2(Y ψ(Y )) = ψ(Y ) /.& 299 Y 5>299 '-.%$0) ?'
.-9%3' #- ,0' 52>' >2--'& ,02, φ1/2(y) ,'-35 ,. D 2, y = 0) K.&'.;'&1
5#-' <' 02;' ψ(Y ) ∼ c0Y 4 <#,0 c0 = 1/2421 <' 02;' ,02, φ1/2(y)/y4/5 ,'-35
,. c(1/2) = c
1/5
0 <0'- y 3'&'25'5 ,. D) ?' 8.5' φ¯1/2(y) = c(1/2)y
4/5
)
?' -.< 0'A ,02, ψ(5)(0) = 0 2-3 ψ(6)(0) 6= 0 /&.> <02, <' 2- .-9%3'
,02,
φ1/2(y)− φ¯1/2(y) ∼ c1y6/5. 6()(L7
 !"! #$%&'()(*& *& τ )+, -%$*'*/( 0)$,''  !
 !" #$%&'()(*& *& τ )+, -%$*'*/( 0)$,''
"#$ %&'% $( &')( *+#)(, %&( -(&').#/+0 #1 %&( 1/2%.#2 φµ '0 .2 4+#*#0.%.#2
5657 #/+ '.8 .0 %# *+#)( %&( -(&').#/+0 #1 τ %&( %#%'9 0%+(006 :( $'2% %# 0&#$
%&'% .% (;&.-.%0 ' %+'20.%.#2 '% µ = 1/26 <&( *'%& .0 2#$ 0%+'.=&%1#+$'+,>
$( ?+0% #8*/%( %&( %#%'9 0%+(00 9.@( .2 A56BC -D .2%(=+'%.2= p '='.20% σ /0.2=
.%0 1#+8 =.)(2 -D A56EC6 %&(2 $( %+D %# ?2, %&( -(&').#/+ #1 %&( %#%'9 0%+(00
'0 ' 1/2%.#2 #1 y $&(2 y ,(+('0(0 %# F /0.2= #/+ *+().#/0 +(0/9%06 G#$()(+
0#8( '+( 0&#/9, -( %'@(2 '0 %# $&D %&( -(&').#/+ .0 #++(%6
 !"! #$% &'(%&& τ )& ) *+,'./, /* x ),0 y
H0.2= %&( 1#+8 A56EC #1 %&( 0#9/%.#2 #2( '2 #8*/%( %&( 8'+#0#*. 0%+(00
'%%'&(, %# %&( 0&('+ -D %&( 1#+8/9'∫
σ∈R
σp(σ)dσ = τ(x, y)
$&(+(

























































































:( +(1(+ %# J**(2,.; 56K 1#+ %&( ,(%'.90 #1 %&( #8*/%'%.#26
 !"!1 2&345'/'.)6 7%$)8./+( /* τ(φ(y), y)
L+#8 %&( *+().#/0 *'+'=+'*& $( '+( 2#$ '-9( %# #8*/%( %&( 8'+#0#*.
0%+(00 τ '%%'&(, %# ' =.)(2 0&('+ +'%( y6 <&(#+(%.'99D7 $( M/0% &')( %#
#8*/%( %&( #++(0*#2,.2= x -D x = φµ(y) '2, %&(2 %# #8*/%( %&( )'9/( #1
 !  !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01
τ(φµ(y), y) "#$%& '()(*+) ,-. ./01 .2 032 320445 $%1232#126 $% $# 1/2 72/08$-"3
-9 1/2 -%2 803$0742 9"%1$-% y 7→ τ(φµ(y), y) 01 y = 0) ;21 .2 6- %-1 <%-. φµ
#$%2 $1 $# -%45 &$82% $=>4$$145 75 '()?+) @-.2823 .2 6- <%-. 1/2 72/08$-"3
-9 φµ 01 y = 0 &$82% 75 1/2 2A>4$$1 9"%1$-% φ¯µ 1/01 .2 -=>"126 $% B21$-%
()C) D"3 /->2 $# 1- 630. 93-= 1/2 72/08$-"3 -9 τ(φ¯µ(y), y) 01 y = 0E 1/2
72/08$-"3 -9 τ(φµ(y), y)) F5 72/08$-"3 .2 =20% 1/01 .2 .0%1 1- G%6 1/2
G3#1 %-% H23- 123= -9 1/2 2A>0%#$-% -9 τ(φµ(y), y))
 !"#$"%&() &*"+,()&%-. I2 G3#1 4--< 01 1/2 <$%6 -9 $%2J"04$15 .2 032
&-$%& 1- "#2) K21 "# 9-3&21 9-3 0 =-=2%1 1/2 -3$&$% -9 -"3 >3-742= 0%6
#05 .2 032 &$82% 0 #=--1/ 1.- 803$0742 9"%1$-% τ˜ 1/01 .2 .0%1 1- #1"65
04-%&#$62 0 "382 &$82% 75 (φ(y), y)) L##"=2 φ¯(y) $# 2J"$8042%1 1- φ(y)) F5
"#$%& M054-3N# 9-3="40 .$1/ $%12&304 32=0$%623 -% τ˜ .2 &21 1/2 9-44-.$%&
$%2J"04$15)∣∣∣∣ τ˜ (φ(y), y)τ˜ (φ¯(y), y) − 1
∣∣∣∣ = ∣∣∣∣ τ˜ (φ(y), y)− τ˜ (φ¯(y), y)τ˜(φ¯(y), y)
∣∣∣∣
≤
∣∣∣∣φ(y)− φ¯(y)τ˜ (φ¯(y), y)
∣∣∣∣ ∫ 1
0
|∂xτ˜(sφ(y) + (1− s)φ¯(y), y)|ds
'()( +
I/2% .2 #22 1/$# $%2J"04$15 .2 #22 1/01 .2 %226 1/2 72/08$-"3 -9 |φ(y)−φ¯(y)|)
L1"0445 .2 %226 $1 9-3 1.- 320#-%#) O$3#145 .2 %226 1/2 >32$#2 72/08$-"3 -9
|φ(y)− φ¯(y)
τ˜(φ¯(y), y)
|) B2-%645 $9 .2 /->2 1- -%13-4 1/2 $%12&304 .2 %226 1- /082
0% 2#1$=01$-% -9 1/2 >-#$1$-% -9 1/2 #2&=2%1 [(φ(y), y), (φ¯(y), y)] $% 1/2 (x, y)
>40%2 ./$/ $# &$82% 75 0 #2-%6 123= $% 1/2 2A>0%#$-% -9 φ)
I/01 .2 .0%126 1- >-$%1 -"1 75 1/$# 4$1142 #1"65 $# 1/01 1/232 $# 07#-P
4"1245 %- &"030%122 1/01 1/2 72/08$-"3 -9 τ˜ (φ(y), y) $# &$82% 75 τ˜(φ¯(y), y)
729-32/0%6) I2 /082 1- >3-82 1/01 1/2 3$&/1 /0%6 #$62 -9 '()( + 12%6# 1- !
./$/ $# %-1 -78$-"# 01 044 0%6 0% 72 904#2 282% $9 φ(y) ∼ φ¯(y))
 !" /$#0)"1 2&%! τ 3&4"* 0- '()(*+ (*5 %!" &*%$#5,%&#* #6 τ˜ . I2
%-. .0%1 1- 0>>45 '()( + 1- τ &$82% 75 '()(*+) L# 0 =01123 -9 901 $9 .2 "#2
'()(C+ 0%6 '()(*+ -% 1/2 "382 (φ¯µ(y), y) 0# .2 >40%%26E .2 90$4 1- 32-823
1/2 -3321 72/08$-"3 9-3 τ(φµ(y), y) 2A2>1 9-3 µ < 1/2) I2 0% $% 901
-=>"12 1/01 $% 0#2 µ = 1/2E τ(φ¯µ(y), y) 9-44-.# 0 >-.23 40. .$1/ 2A>-%2%1
1/5 7"1 .$1/ 0 6$Q232%1 -%#10%1 1/0% 1/2 -%2 &$82% 75 M/2-32= ()R ./$42
$% 1/2 0#2 µ > 1/2E τ(φ¯µ(y), y) 6$823&2# 0# 1/y ./2% $1 #/-"46 -%823&2 0# y
'0&0$% 0-36$%& 1- M/2-32= ()R .3$112% $% (x, y) 803$0742#+) M/$# 42082# "#
.$1/ 1/2 J"2#1$-% -9 /-. 1- >3-82 1/2 1/2-32=)
 !"! #$%&'()(*& *& τ )+, -%$*'*/( 0)$,''  !
"#$#$%#& '()' *+ '(# #+, -()' -# )&# &#)../ *+'#&#0'#, *+ *0 '(# %#()1*23&
24 τ(φµ(y), y) +2' τ(φ¯µ(y), y)5 6# +2- 30# '(# *$7.**' ,#9+*'*2+ 24 φµ '2
2+0'&3' ) '-2 1)&*)%.# 43+'*2+ τ˜ 03( '()' τ(φµ(y), y) = τ˜(φµ(y), y) )+,
'()' τ˜ (φ¯µ(y), y) :*1#0 '(# 2&&#' %#()1*23& 42& φµ '()' *0 '2 0)/ '()' -# )+
7&21# '()' '(# &*:(' ()+, 0*,# 24 ;!5! < '#+,0 '2 =5
6# $)># '(# 42..2-*+: &#$)&>? '(# #@3)'*2+ ;!5A< -(*( ,#9+#0 *$7.**'./
φµ )+ %# 73' *+ )+ #@3*1).#+' 42&$ ∆(x, y) = ∆˜(µ, x, y) -*'(























)+, ∆ *0 :*1#+ %/ #@3)'*2+ ;!5!B< )+, *0 '(# @3)+'*'/ '()' )77#)&0 +)'3&)../
*+ '(# #C7&#00*2+ 24 τ(x, y) :*1#+ %/ ;!5!D< ;0## E77#+,*C !5A )0 '2 -(/<5
F(*0 *0 *+ 4)' (2- 2+# 2+0'&3'0 '(# 43+'*2+ fµ *+ '(# 9&0' 7.)# ;G##
E77#+,*C !5H5D<5 I2+0#@3#+'./ *4 -# ,#9+# τ˜ %/


































-# >+2- '()' -# ()1# τ(φµ(y), y) = τ˜ (φµ(y), y) )+, -# -*.. 0(2- '()' τ˜ *0
'(# 2&&#' 43+'*2+ '2 2+0*,#& '2 0'3,/ ;!5! <5 J2- '(*0 &)*0#0 '(# @3#0'*2+
)0 '2 -(/ τ˜ -2&>0 )+, +2' τ )+, -(#'(#& '(*0 4)' -)0 7&#,*'*%.#5
 !"#$%&'( &)
∣∣∣∣φ(y)− φ¯(y)τ˜ (φ¯(y), y)
∣∣∣∣* F2 2+'&2. '(# &*:(' ()+, 0*,# 24 ;!5! < -#
0## '()' -# +##, '(# %#()1*23& 24 τ˜(φ¯(y), y) -(*( -# :*1# +2-?
+) µ > 1/2 τ˜ (φ(y), y) ∼ η(µ)y5
+) µ < 1/2 τ˜ (φ(y), y)→ τ0(µ)5
+) µ = 1/2 τ˜ (φ(y), y) ∼ 242/5/12y1/55
K+ '(# #+, '(#0# %#()1*23&0 -*.. ).02 %# '(# &#07#'*1# %#()1*23&0 24 τ(φµ(y), y)5
L0*+: '(*0 *+42&$)'*2+ )+, '(# 2+# 4&2$ φµ − φ¯µ :*1#+ %/ #@3)'*2+0 ;!5M<N
;!5!!< )+, ;!5!O< -# )+ 0)/ '()'
,(&-&.%/%&0 1*2*  ! "#$! %"! &'((')*+, -!"#$*'./0 1
 !  !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01
 ! µ > 1/2
∣∣∣∣φ(y)− φ¯(y)τ˜ (φ¯(y), y)
∣∣∣∣  !"#$!% &'(! y)
 ! µ < 1/2
∣∣∣∣φ(y)− φ¯(y)τ˜ (φ¯(y), y)
∣∣∣∣  !"#$!% &'(! y3/2)
 ! µ = 1/2
∣∣∣∣φ(y)− φ¯(y)τ˜ (φ¯(y), y)
∣∣∣∣ #&%*  !"#$!% &'(! y)
"#$%$ "$ #&'$ (%)**$( +#$ )-.+&-+. /)% +#$ .&0$ )/ 1&%2+34 511 +#$.$
)6*7+&+2)-. &%$ .+%&28#+/)%"&%( .2-$ $'$%3+#2-8 2. $9*122+4
"#$ %! &'( )*%%!+ ,&-$. %!
∫ 1
0
|∂xτ˜ (sφ(y) + (1− s)φ¯(y), y)|ds
/'( 1,( µ > 1/22 5. 7.7&1: 1$+ 7. .+&%+ "2+# +#$ .26*1$.+ &.$ µ > 1/24
;.2-8 <%)*).2+2)- =4= "$ #&'$ +#&+ φµ )-'$%8$. +) & )-.+&-+ c > 04 >#$
/7-+2)- ∂xτ˜ &- ?$ )-+2-7$( ?3 )-+2-72+3 &+ (c, 0) "#$- c > 04 @+ 2.
+#$- ?)7-($( 2- +#$ '22-2+3 )/ +#2. *)2-+4 A)" "$ 0-)" +#&+ /)% y 1).$
$-)78# +) B: [(φµ(y), y), (φ¯µ(y), y)] 2. 2- &-3 1).$( ?&11 $-+$%$( &+ (c, 0)4 C3
)6*&+-$.. dxτ˜ 2. ?)7-($( &-( +#7. +#$ 2-+$8%&1 2. 7-2/)%613 ?)7-($( &.
y ($%$&.$. +) D$%) &-( "$ +#$- #&'$ τ(φ(y), y) ∼ τ˜ (φ¯(y), y)4 5. & 6&++$% )/
/&+ 2/ "$ 1))0 &+ E=4= F "#&+ "$ #&'$ %$&113 *%)'$( 2. +#$ /)11)"2-8 $9*&-.2)-G
τ(φµ(y), y) = η(µ)y +O(y2)
H)% +#$ )+#$% +") &.$. +#$ (2I71+3 2. 2-%$&.$( .2-$ "$ #&'$ φµ &-(
φ¯µ 1).2-8 2- +) B4 C7+ +#$ ($*$-($-$ 2- y/x )/ τ˜µ &-( +#7. )/ ∂xτ˜ 1$&'$
7. -) #)*$ +) $'$% .#)" )-+2-72+3 &+ (0, 0) &-( 7-2/)%6 ?)7-($(-$.. )/ +#$
2-+$8%&14 @- /&+ "$ &- .$$ -76$%2&113 +#&+ +#$ /7-+2)- (2'$%8$.4 J#&+ "$




/'( 1,( µ < 1/22 @- +#$ µ < 1/2 &.$ "$ 0-)" ?3 <%)*).2+2)- =4= +#&+
/)% y 1).$ +) B: +#$ 7%'$ {(φµ(y), y)} 2. +&-8$-+ +) & %&3 {(c(µ)y, y)}4 A)"
"$ 1))0 &+ +#$ $9*&-.2)- )/ ∂xτ˜(x, y) &1)-8.2($ & %&3 (y/t, y) &-( "$ K-(
+#&+ 2+. K%.+ +$%6 2. )/ +#$ /)%6M(t)/y "2+#M(t) ?)7-($( 2/ t 2. 2- R4 >#2.
.788$.+. +#&+ +#$ (2'$%8$-$ )/ ∂xτ˜(x, y) 2. 7-2/)%613 2- 1/y 1).$ +) & %&34
@-($$(: 2/ "$ #$0 +#$ /7-+2)- (t, y) 7→ y∂xτ˜ (y/t, y) "$ &- .$$ +#&+ 2+ &-
?$ )-+2-7)7.13 )-+2-7$( 7* +) y = 0 &. 1)-8 &. t 2. *).2+2'$4 >#2. 6$&-.
+#&+ &. 1)-8 &. (x, y) 2. 2- & 1).$( &-871&% .$+)% "2+# 2+. *$&0 &+ (0, 0) &-(
 !"! #$%&'()(*& *& τ )+, -%$*'*/( 0)$,''  !
"#%&'(' "# )*( x > 0, y > 0 +,(# -&./)(/ ,%.#( 01*"* 2(.#3 )*.) #+#( +4
")3 ('5(3 ./( .6"378 y∂xτ˜ (x, y) "3 9+&#'(':
;*&38 1( <&3) *.=( )+ *(> )*.) .3 y '(/(.3(3 )+ ?8 )*( 3(52(#) [(φµ(y), y)8




(1 − s)φ¯µ(y), y)|ds ≤ M/y 4+/ . 5"=(# +#3).#) M 1*"* '+(3 #+) '(,(#'
+# y 09&) .# '(,(#' +# µ7: ;*"3 "3 )/&( 9(.&3( +4 A/+,+3")"+# B:B 1*"*
3).)(3 )*.) φµ(y)/y → c > 0:
C"#( 9@ A/+,+3")"+# B:D
∣∣∣∣φµ(y)− φ¯µ(y)τ˜ (φ¯µ(y), y)
∣∣∣∣ "3 "# )*"3 .3( +4 +/'(/ y3/28 1*.)
1( <&3) 3*+1 "3 (#+&5* )+ +#%&'( )*.) τ(φµ(y), y) ∼ τ˜(φ¯µ(y), y): E5."# 1(
*.=( ,/+=(' 3%"5*)%@ 2+/( )*.# .##+&#(' 3"#( 1( *.=( )*( (6,.#3"+#
τ(φµ(y), y) = τ0(µ) +O(√y)
F) 1+&%' .)&.%%@ 9( "#)(/(3)"#5 )+ >#+1 "4 τ(φµ(y), y)− τ0(µ) ∼ √y )+ >#+1
1*.) G(/3*(%HI&%>%(@ J&"' %.1 9(3) K)3 )*( 9(*.="+&/ +4 . GL J&"' .) %+1
3*(./ /.)(: F) 3((23 #&2(/".%%@ )*.) ") "3 .)&.%%@ )*( .3(:
 !" $%" µ = 1/2& M*.) *.3 9((# 3."' 3*+&%' 2.>( &3 1+//@ +=(/ )*(
µ = 1/2 .3(: F#'((' "# )*"3 .3(8 9@ %++>"#5 9.> .) A/+,+3")"+# B:D8 1( 3((
)*.) 1( #((' . '"=(/5(#( +4 )*( "#)(5/.% )*.) "3 3)/")%@ 1(.>(/ )*.) 1/y .#'
") 3((23 )*.) 1( *.=( 3*+1# )*.) )*( '"=(/5(#( "3 +4 +/'(/ 1/y 1*(# %+3"#5
"# )+ (0, 0): F# /(.%")@8 +#( 3*+&%' #+)"( )*.) M(t) )(#'3 )+ ? .3 t )(#'3 )+ ?8
)*.) "3 )+ 3.@ 1*(# )*( *.%4H%"#( 1( ./( +#3"'(/"#5 9(+2(3 %+3( )+ )*( (Ox)
.6"3: F# )*( µ = 1/2 .3(8 φ¯1/2(y) = 1/24
2/5y4/5 1*"* 2(.#3 )*.) )*( (Ox)
.6"3 "3 ).#5(#) )+ )*( &/=(3: ;*( ,/(="+&3 '"=(/5(#( /.)( '+(3 #+) .,,%@
*(/(: F# 4.) 1( *.=( ∂xτ˜(ty
4/5, y)) &#"4+/2%@ 9+&#'(' 9@ M/y3/5 .3 %+#5
.3 t "3 .1.@ 4/+2 ? 1*"* "3 )*( .3( "# )*( /(5"+# 1*(/( [(φ(y), y)8(φ¯(y), y)]
%"(3:
M( 1"%% #+) 1/")( )*( 4&%% (6,/(33"+# +4 ∂xτ˜(ty
4/5, y) 9&) 1( 1"%% 3.@ )*.)
") .# 9( 1/"))(# .3 )*( 3&2 +4 N )(/23 .#' .%% +4 )*(2 ./( '"=(/5"#5 4.3)(/
)*.# y3/5: I&) .%% )*(3( )(/23 .# "# 4.) 9( ).>(# 9@ ,."/3 3+ .3 )+ .%%(=".)(
 !  !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01































































































5#+# #133$(% "' ;$ $<=+,14$(" "' −1/y 1% y "$(*% "' > 5+"# t ?0$*. @#$ %=2
'A "#$%$ "5' "$&2% +% 14%' $<=+,14$(" "' 1/y3/5. B% +( "#$ 3&$,+'=% 31&1)&13#
"#+% +% ('" $('=)# %+($ 5$ 51(" %'2$ =(+A'&2+"C +( t ;=" +" %=))$%"% "#1" ;C
1**+() 1(* "#$( 2=4"+34C+() ;C y3/5 5$ 2+)#" )$" 5#1" 5$ 1&$ 4''D+() A'&.
E$ ?&%" &$5&+"$ 78.89: +( '&*$& "' %=33&$%% 1(C ';,+'=% %+()=41&+"+$%6































































































































/7 -+8+1 9 7/-+ sinh(u)/u /7 4':-,+, 0(05 ;1'. 9 0-, 7' /7 t# <+ -'(
7++ )*0) )*+ =01) )*0) /7 ,'./-0-) /- )*+ -:.+10)'1 '; T (*+- )0>/-? y )' 9






















(*+1+ S '-)0/-7 0CC )*+ )+1.7 /- )*+ -:.+10)'1 '; T '; C'(+1 '1,+1 !0?0/-
y )+-,7 )' 9 0-, t /7 @A+,%# D) /7 +075 )' *+> )*0) /- ;0) u3S(t, u) /7 0
 !  !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01
#$%&$'#'( )'$%&#$ #) &%( *+,'-.$%( *( /#$, *( t &( 0#'$1.1 *2*3 )+#- 45
6$ 7*+%&'/*+ 2. 8*9. %8*% &$ *$3 +.%*$,/. [a, b]× [0, ε] )#+ 28&8 b > a > 0
u3S(t, u) &( 0#'$1.1 28&8 -.*$( %8*% y3/5S(t, y1/5) &( 0#'$1.15
:#2 )#+ %8. 1#-&$*$% 7*+% 2. $..1 %# +.1'. %# * #--#$ 1.$#-&$*%#+5
;. .<7*$1 %8. 1.$#-&$*%#+=










(# %8*% &$ D̂(t, u) 2. 8*9. #//.%.1 *// %8. %.+-( %8*% %.$1 %# 4 *( u %.$1( %#
45 6$ )*% 2. *$ .9.$ 8.B %8*% D̂(t, u)/u2 &( * #'$%&$'#'( )'$%&#$5 :#2
2. #-7'%. y3/5(1/y + T ) '(&$, >?5@4A *$1 >?5@?A %# (.. %8*% 2. 8*9.=





































6$ %8&( .<7+.((&#$ 2. 8*9. (..$ %8*% *// %8. %.+-( 8*9. 0..$ *#'$%.1 )#+
.<.7% )#+ %8. /*(% #$.C 28&8 2*( %8. -#(% 7+#0/.-*%&5 D$. *$ 8.B %8*%
&$ )*% %8&( /*(% %.+- *$ 0. (..$ *( * #$%&$'#'( )'$%&#$ #) y1/5/t >&% *$
.9.$ 0. .<7*$1.1 &$ * 7#2.+ (.+&.( #) y1/5/tA *$1 %8'( &( */(# 0#'$1.1 *(
/#$, *( t (%*3( *2*3 )+#- 45 E8. +.(% #) y3/5∂xτ˜(ty
4/5, y) *$ 0. %+.*%.1 &$
%8. (*-. 2*35 *$1 *$ 0. #$(&1.+.1 * 0#'$1.1 )'$%&#$ '$&)#+-/3 &$ y
*$1 t5 :#2 %8*$B( %# %8. )*% %8*% 03 F+#7#(&%&#$ ?5? )#+ µ = 1/2 2. 8*9.
φ¯1/2(y) = 1/24
2/5y4/5 *$1 %8*% 03 >?5?@A|φ1/2(y)− φ¯1/2(y)|/y4/5 &( 0#'$1.1 *(
y %.$1( %# 4C 2. 8*9. %8*%
∫ 1
0
|∂xτ˜ (sφ1/2(y) + (1− s)φ¯1/2(y), y)|ds ≤M/y3/5
*$1 2. *$ #$/'1. &$ %8&( *(. %##C '(&$, *,*&$ >?5? A *$1 >?5@AC %8*%
τ(φ1/2(y), y) ∼ τ˜(φ¯1/2(y), y) *$1 2. .9.$ 8*9.=
τ˜(φ1/2(y), y) = c(µ)y
1/5 +O(y2/5).
 !!"#$%& '( *+!'", -
 !" #$%&'()'+$% $, '-. /$0)'+$% '$ 12&  !"!#3
 !"$#
 ! "#!$% &#!"!'()(!* +,-,. /% /(00 (* 12)4 !*05 %6"2*7 )8% !9":)2)(!*'
!1 ;,<℄4 (* !:# !/* 1#29%/!#> +92(*05 /% 82$% 7(?%#%*) *!)2)(!*'. !*05 1!#
)8% '2>% !1 '%01@!*)2(*9%*)-  8% (7%2 (' "#%))5 '(9"0%- A(#') !1 2004 )8%
*!*0(*%2# 7(?%#%*)(20 %B:2)(!* (' 7%!:"0%7 2' 2 0(*%2# 7(?%#%*)(20 %B:2)(!*
2*7 2 *!*0(*%2# !*'(')%*5 %B:2)(!*- C1 *!) 1!# )8% D(#2 9%2':#% +/8(8
(' E%#! 209!') %$%#5/8%#% 2*5/25. )8% 0(*%2# 7(?%#%*)(20 %B:2)(!* !:07 F%
%2'(05 '!0$%7 F5 9%2*' !1 )8% 82#2)%#(')( "!05*!9(20 !1 )8% %B:2)(!*- G%
)8:' )#%2) 8%#% )8% D(#2 2' E%#! 2*7 '!0$% )8% %B:2)(!* !* R
∗
-  8(' /(00 0%2$%
:' )8#%% 7%H#%% !1 1#%%7!9 +F:) !*% /(00 F% )2>%* 2#% !1 F5 )8% !*'(')%*5
%B:2)(!*. 2*7 /% I6 )8% !)8%# )/! F5 (9"!'(*H )8% !*')#2(*) !* #%H:02#()5
2*7 (*)%H#20- A(*2005 /% $%#(15 )82) )8% 1:*)(!* /% !*')#:) (' 2 '!0:)(!*
)! )8% (*()(20 "#!F0%9-
G% /!#> :*7%# )8% 2'':9")(!* )82) b (' "!'()($%-  8% %B:2)(!* +,-,.
(' *!*0(*%2# F%2:'% !1 )8% !%J(%*) Γ(p)-  ! 200%$(2)% )8(' 7(J:0)5 /%
'(9"05 #%/#()% +,-,. 2' +,-KL.@+,-KM.
0 = −λb∂σp−Deh(σ)p+DeΓδ0(σ) + µDeΓ∂2σp +,-KL.
Γ = Γ(p). +,-KM.
 ! "#!%%7 1:#)8%# /% 2))2> )8% I#') %B:2)(!* !*'(7%#(*H )82) Γ (' 2 H($%*
"!'()($% !*')2*) 2*7 /% 21)%#/2#7' I6 Γ :'(*H )8% '%!*7 %B:2)(!* !1 )8%
2F!$% '5')%9-
 !"! #$%&'() *+, %'(,-. ,/0-*'$( '( D′(R∗)
G% '!0$% +,-KL. I#') (* D′(R∗) /8(8 29!:*)' )! '25 )82) /% ):#* )8% D(#2
)! N *29%05 /% 2#% 0!!>(*H 2) )8% %B:2)(!*O
PQ
 !  !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01
0 = −λb∂σp−Deh(σ)p+ µDeΓ∂2σp
"# R
∗
$ %& (# )(*+,- .) *",/)0 "# )(1 "2)# +#&)3/(, ]−∞,−1[4]− 1, 0[4]0, 1[
(#0 ]1,∞[ (#0 *+#) &1) )56(&+"# +* "7 "30)3 &8" "# )(1 +#&)3/(,4 8) 1(/) &8"
0)93))* "7 73))0": &" &6#) &1) *",6&+"# "# )(1 +#&)3/(,$ ;# &1) 6#."6#0)0
+#&)3/(, 8) *)& "#) "7 &1) "#*&(#& &" < +# "30)3 &" *6223)** (# )=2"#)#&+(,
93"8&1 &1(& 8"6,0 23)/)#& &1) *",6&+"# 73": .)+#9 +# L1$ >)=& 8) ?= &1)
"#*&(#& "# &1) "&1)3 +#&)3/(, .- )#7"3+#9 C1 3)96,(3+&- (& @A (#0 A$ >"8
"#) "6,0 8"#0)3 81- C1 81+,) 8) (3) ,""B+#9 7"3 *",6&+"# +# H1(R) 81+1
(3) :)3),- "#&+#6"6* "# &1) 3)(, ,+#)$ %& +* .)(6*) +7 &1)3) 8)3) C6:2*
+# &1) 0)3+/(&+/) "7 p (& @A "3 A4 &1+* 8"6,0 +#06) D+3( :)(*63)* (& &1)*)
2"+#&* +# &1) *)"#0 "30)3 0)3+/(&+/) (#0 8) 1(/) #"&1+#9 +# &1) )56(&+"#
&1(& 8"6,0 ":2)#*(&) &1)*) D+3( :)(*63)*$
 !"#$%%&'( ') *+$ ,'-.*&'( ') EA$FGH/ I1) 76#&+"#* p 81+1 *",/) EA$FGH +#
&1) *)#*) "7 0+*&3+.6&+"# "# R
∗







(3) 9+/)# .- &1) 7",,"8+#9 7"3:6,()J
p(σ) =

α+ exp(β+(σ + 1)) +7 σ ≤ −1
α+(1− ρβ+ + ρβ+ exp(1
ρ
(σ + 1))) +7 −1 < σ ≤ 0
α−(1− ρβ− + ρβ− exp(1
ρ
(σ − 1))) +7 0 < σ ≤ 1
α− exp(β−(σ − 1)) +7 1 < σ
EA$F H
81)3) β+4 β− (3) &1) 3""&* E3)*2)&+/),- 2"*+&+/) (#0 #"# 2"*+&+/)H "7 &1)
)56(&+"#
µDeΓX2 − λbX −De = 0 EA$FKH
(#0 ρ +* µDeΓ/(λb) = 1/(β++β−)$ L- &1) 0)?#+&+"# "7 β± (#0 ρ 8) 3):(3B
&1(& 8) 1(/)J
1− ρβ± = ρβ ∓ . EA$FMH
I1) 0)93))* "7 73))0": (3) #"8 α+ (#0 α−$
0$*$#1&(2*&'( ') *+$ α± .%$3 &( EA$MH/ I" ?= α+ (#0 α− 8) +:2"*)
"#&+#6+&- (& σ = 0 E.)(6*) (* 8) *(+04 8) (3) +#&)3)*&)0 +# *",6&+"#* +#
 !"! #$%&'()'+$% $, '-. /$0)'+$% '$ 12&  !"!#3 !"$# %&
H1(R) '()* ,-'.-),)*# /-0
∫
p = 1" 1(2*2 '3, ,-0.'.,-* 4.52 )* '(2

























 !"#$%&% () α±* =>,5.020 '(/' '(2 02'2>9.-/-' ,6 '(.* *8*'29 .* -,' ?2>,




















































G2 *22 '(/' .- 6/' ∆ > 0  >2929F2> '(/' β+ > 0: β− < 0 /-0 *.-2 b > 0:
1/ρ > 0#"
+(#"$","$- () α±* H' '(.* C,.-' 72' )* /7*, (2E '(/' α± > 0" G2 (/52 F8
I>/92>J* >)72 6,> 7.-2/> *8*'29*;
∆α+ = 1− ρβ− + ρβ−e−1/ρ /-0 ∆α− = 1− ρβ+ + ρβ+e1/ρ.  !"KL#
M*.-4 N29/>E  !"$O#: 32 (/52 1−ρβ−+ρβ−e−1/ρ 2B)/7 ', ρ(β++β−e−1/ρ)"
P)' *.-2 β− < 0 /-0 ρ > 0 32 (/52 e
−1/ρ < 1 /-0 β−e
−1/ρ > β− /-0 '()*
β++ β−e
−1/ρ > β++ β− > 0" I,-*2B)2-'78: α+ > 0 /-0 '(2 */92 (,70* '>)2
6,> α−" N2')>-.-4 ', 2B)/'.,-  !"O# 32 *22 '(/' '(2 C,*.'.5.'8 ,6 α± 4.52*
'(2 C,*.'.5.'8 ,6 '(2 6)-'.,- p ,- ]−∞,−1[ /-0 ]1,+∞[" P)' *.-2 α+: β+
/-0 ρ />2 C,*.'.52: .' ')>-* ,)' '(/' p .* .->2/*.-4 ,- '(2 .-'2>5/7 ] − 1, 0[
/-0 *.-2 .'* 5/7)2 /' −1 .* F8 ,-*'>)'.,- α+ > 0: p >29/.-* C,*.'.52 ,-
] − 1, 0[" H4/.- '(2 */92 (,70* '>)2 ,- ]0, 1[" Q,'2 '(/' 6>,9  !"$&#R !"KL#:
α± 02C2-0 ,- ρ /-0 β± 3(.( .- ')>- 02C2-0 ,- b /-0 Γ"
 !"!# $%&'()* +,- )%)&()-./ 0/%1&-2  !"#$%3 !"#&%
."!"&/ Γ 0#"&/  !"$S#* D2' )* *)9 )C 3(/' 32 (/52 ,F'/.-20 *, 6/>" G2
(/52 -,3 / 6)-'.,- p 3(.( 7.2* .- H1(R) '(/' *,752  !"$K# .- '(2 *C/2
 !  !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01
D′(R∗) "#$" %& "' &$( %) "#* &*)&* '+ ,%&"-%./"%') ./" 0%"# "*&" +/)"%')&
%,*)"%$22( 3*-' %) $ )*%4#.'/-#'', '+ 3*-'5 6* $2&' #$7* "#$" p > 0 $),∫
p = 18 "#* &*'), ')&"-$%)" .*%)4 *9$"2( "#* &*'), *:/$"%') '+ &(&"*;
<=5>?@ $), 0* #$7* &'8 +'- *7*-( A'&%"%7* Γ5 6* )'0 $,B/&" Γ8 &' "#$" <=5>C@







E#%& %& $ )')2%)*$- %;A2%%" *:/$"%') ') Γ .*$/&* $& 0* ;*)"%'))*, .*+'-*
α± $), β± ,*A*), ') Γ5 J*" /& $,;%" +'- "#* ;';*)" "#$" "#%& *:/$"%') #$&
$ /)%:/* &'2/"%') 0#%# ;*$)& "#$" $& 2')4 $& 0* 4%7* $ A'&%"%7* b 0* $)
D), $ /)%:/* A'&%"%7* Γ "#$" &$"%&D*& <=5I=@5 J*" /& &** )'0 "#$" 0* #$7*
+'/), $ &'2/"%') "' <=5=@5
 !""# $%&$ p '"()*' <=5=@ +, D′(R)- 6* )'0 &#'0 "#$" p 7*-%D*& %) +$"
<=5=@ ') "#* 0#'2* -*$2 2%)*5 6* )'"* "#$" p %& ')"%)'/& ') "#* -*$2 2%)* $),
,%K*-*)"%$.2* *9*A" $" σ = 05 G"& ,*-%7$"%7* %) D′(R) %& "#/& %"& ,*-%7$"%7*
$2;'&" *7*-(0#*-*5 E#* ,*-%7$"%7* ∂σp .*%)4 ')"%)'/& *9*A" $" σ = 0 $),
,%K*-*)"%$.2* *9*A" $" σ ∈ {0,−1, 1} %"& ,*-%7$"%7* %& %"& ,*-%7$"%7* $2;'&"
*7*-(0#*-* A2/& "#* B/;A $" !8 [∂σp]0δ0(σ)5 L%)* p 7*-%D*& <=5=@ $2;'&"
*7*-(0#*-*8 %" %& ')2( 2*+" "' &#'0 "#$"H




1/ρ − α−β−e−1/ρ = 1/µ. <=5I>@
6* ;/2"%A2( <=5I>@ .( ∆ $), /&* <=5I!@ "' '."$%)H
β+e
1/ρ(1− ρβ− + ρβ−e−1/ρ)− β−e−1/ρ(1− ρβ+ + ρβ+e1/ρ) = ∆/µ
0#%# %& *:/%7$2*)" "'
β+e
1/ρ(1− ρβ−)− β−e−1/ρ(1− ρβ+) = ∆/µ
$), "#*) "'
ρ(β2+e
1/ρ − β2−e−1/ρ) = ∆/µ.
E#$"M& 0#$" 0* 0$)" "' A-'7*5





= Γ ⇔ α+β− − α−β+ = Γβ+β−.
 !"! #$%&'()'+$% $, '-. /$0)'+$% '$ 12&  !"!#3 !"$# %!
&')**+,- ./). β± )0' 011.2 13 '45).+1,  !"$%#6 7' /)8' β+β− = −1/µΓ
),9 ./'0'310' α+β− − α−β+ = −1/µ" :' ;5*.+<*= >= −∆ ./+2 '45)*+.= ),9




= β+(1− ρβ+ + ρβ+e1/ρ)− β−(1− ρβ− + ρβ−e−1/ρ)
= β+(ρβ− + ρβ+e
1/ρ)− β−(ρβ+ + ρβ−e−1/ρ)
= ρ(β2+e
1/ρ − β2−e−1/ρ).
B/' C5;< 1,9+.+1, +2 ./52 8'0+D'9" :' ), 2'' +, 3). ./).  !"?$# +2
'45+8)*',. .1  !"?!#" B/52 ./' 1,*= 21*5.+1, +, D(R) 13  !"$?# )0' +, 3).
21*5.+1,2 13  !"!#" B/+2 +2 ,1. ./). 250<0+2+,- 2+,' +3 1,' +,.'-0).'2 '45).+1,
 !"$?# 18'0 ./' 0')* *+,' =15 1>.)+,  !"#$"#  !" Γ = Γ(p)#
$!" %& '() *+, %&  + -*.(/& "*. !+, ,( "* -&( 12#324  + 56 Γ "*. 7(
&-/(  !" 8 "& ,( '"%9(.8  !(/( (6%& & " -*%:-( Γ  !" 5 &  !( +*&%& (*;
(:-" %+*#
 !"!# $%&'((* +,'-*(./0 *1-* '(/2 Γ -/3 b
<+ +7 "%* "* (6='%% )-* %+*  !" >%?(& %9='%% '; Γ ,( @-& !"?(  + -&(
12#324 "*. -&(  !( ?"'-( +) α± >%?(* 7; 12#AB4 "*. 12#3C4 # D %& ("&%(/
 + -&( *(, ?"/%"7'(& .(5*(. 7; x = µΓ "*. y = λb/De# E -"''; x %&
 !( *+*.%9(*&%+*"' .%F-&%+* +(G%(* %* & /(&& &="( ,!%'( y = γ˙/γ˙c ,% !
γ˙c = G0T0/σc  !( /% %"' &!("/ /" ( %*  !( &;& (9# H( -& 7(>%* 7; /(,/% %*>






















































J+, -&%*>  !( +*&%& (*; (:-" %+* 12#324 ,( 5*.  !" 
∆Γ =(2ρ− 1/(ρβ+β−)) sinh(1/ρ)− (β+ − β−)/(β+β−) cosh(1/ρ)
,!%! ,( ,/% ( %*  !( 1x8y4 ?"/%"7'(& -&%*>  !( " -"' ?"'-(& +) β± %*  (/9&
+)  !( +(G%(* +) 12#AK4
1
µ
























 !  !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01





































































($+ &# &($* fµ(x, y) = 08 9$*#.#,*-$61: #$%46'; *'-, 34$*-%$ +#0#$+, %$
*'# $%$+-/#$,-%$(1 %$*.%1 0(.(/#*#.8
<$ *'# %0#$ =4(.*#. 01($#{x > 0; y > 0} ; fµ(x, y) = 0 -, #=4-)(1#$* *%
















































































9* -, #(,: *% '#5 *'(* 3%. ( 6-)#$ y > 0 *'# 34$*-%$ x 7→ g(x, y) *#$+, *% >
(, x *#$+, *% > ($+ *#$+, *% -$?$-*: (, x *#$+, *% -$?$-*:8 @-$# -* -, %A)-%4,1:
%$*-$4%4,; *'-, 64(.($*##, *'(* *'#.# #B-,*, (* 1#(,* %$# Γ *'(* ,%1)#, *'#
%$,-,*#$: #=4(*-%$ ($+ &# '()# (* 1#(,* %$# ,%14*-%$ *% %4. 0.%A1#/8 9$
3(* &# ($ ,'%& *'(* ∂xg(x, y) > 0 3%. (11 x ($+ y 0%,-*-)#8 C'-, 6-)#, 4, (*
*'# ,(/# *-/# *'# 4$-=4#$#,, &# 1(-/#+ ($+ *'# .#641(.-*: %3 *'# 34$*-%$
6-)-$6 x -$ *#./, %3 y8 "# $%& -$*.%+4# φµ *'# -/01--* 34$*-%$ ,(*-,3:-$6
∀y > 0 ∀µ > 0 fµ(x, y) = 0⇔ g(x, y) = µ⇔ x = φµ(y).
 !"! #$%%& %& '()*+,(,-- )( #$%.%-)/)%(  !  !
 !" #$%%& %& '()*+,(,-- )( #$%.%-)/)%(  ! 
"# $%&# %' ()%* *#(%,' *,-# .#(/%0* ,' ()# ,-12(/(%,'* 3,4 ()# 2'%52#'#**
















































































/'. ;# ;/'( (, 14,&# ()/( ∂xg(x, y) > 0 3,4 /'= $%&#' x /'. y :,() 1,*%(%&#8
"# >4*( ,-12(# ∂xg(x, y)<
∂xg(x, y) =
1√




















































































































































































































 !  !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01
"# $%&'() *+$ %& )-./)**0#& 12$#*) *03& 0* %&45$0&3 6+5 #670#+*8 2) /)'+)
5# 5$) *%9) ')&#90&%5#/ %&' 2/05) 5$) &+9)/%5#/ %&' 5$) ')&#90&%5#/
%* .#(4&#90%(* #: 5$) 7%/0%6()* x; y; c = cosh(y/x); s = sinh(y/x); %&'
r =
√





rcy + 2xs+ sy2
)2
r
×(− 4xy3 + 4x2y + 2y5c2 − 12x3s− 2y4s− y5c− y5r + 14x2c2ry
+ 4x2rcs− 4xrcy − 8xy2rs− 2xy3rc− 8x2yrc− y5 + 8rxcsy2 + 2y5c2r
+ 2y6cs+ 2cy4rs+ 12xc2ry3 + 34x2y2cs+ 16xy4cs+ 12xc2y3 + 16x2c2y
− 6x2yr − 2xy4s− 8xy2s− 4x2rs+ 4xry + 12x3cs− 2y3rc− 6xy3r
− 12x2y2s− y4rs− 20x2cy − 10xy3c)
?* y %&' x %/) .#*0507) c; s %&' r %/) %(*# .#*0507)< @# 5$) ')&#90&%5#/ 0*
.#*0507) %&' 0& 5$) &+9)/%5#/; % 9#&#90%( 0* .#*0507) 0: 05 $%* % .(+* %&'
&)3%507) 0: 05 $%* % 90&+*< "$) 5/0A 5# *$#2 5$%5 5$) &+9)/%5#/ 0* .#*0507) 0*
5# #960&) 9#&#90%( %&' +*) 5$) :%5 5$%5 c−1 > 0 %&' s−y/x > 0< B)5 +*
307) %& )-%9.()< "$) &+9)/%5#/ #&5%0&* 16x2y2c2+4x2y+12x3cs−8xy2−
12x3s − 20x2yc 1)-./)**0#& 2$0$ 0& :%5* #&5%0&* 5$) &)3%507) 9#&#90%(
5$%5 2)/) 5$) 9#*5 '0C+(5 5# #960&) 5# #65%0& % .#*0507) D+%&50548< E&)
%& $)A 5$%5 0& :%5 5$0* )-./)**0#& %& 6) 2/055)& +&')/ 5$) :#/9 8x2yc(c−
1) + 12x3(c− 1)(s− y/x) + 8x2ys(s− y/x) 2$0$ 0* &#2 ()%/(4 .#*0507)< ?*









2xy3rc (c− 1) + 12x3 (c− 1) (s− t) + 2xy3 (c2 − 1)+ y5r (c2 − 1)
+ y5c (c− 1) + y5 (c2 − 1)+ 2xy2rc (s− t) + 6x2yrs (s− t) + 2xy2rs (c− 1)
+ 8x2yrc (c− 1) + y4rs (c− 1) + 4x2r (c− 1) (s− t) + 12x2y2s (c− 1)
+ 2xy3s (s− t) + 8x2ys (s− t) + 2x2y2c (s− t) + 8x2yc (c− 1)
+ 8xy3c (c− 1) + 2xy4s (c− 1) + 6xy3r (c2 − 1)+ 4rxcsy2
+ y5c2r + 2y6cs+ cy4rs+ 4xc2ry3 + 20x2y2cs+ 14xy4cs
]
2$0$ 0* &#2 5$) *+9 #: .#*0507) 5)/9; $)&) 5$) /)*+(5<
 !"! #$%&'()(*$+, -$. (/0 1(.0,, ), ) 23$ 4).*)560, 7'+(*$+  !
 !" #$%&'()(*$+, -$. (/0 1(.0,, ), ) 23$ 4).*5
)670, 8'+(*$+




σp(σ)dσ = λb/De = y 4'*,& +( 8# *#>#9 83 9,%#'











(−α+ (1− ρβ+) + α− (1− ρβ−))
+ ρ2α+β+
(
1− ρ(e1/ρ − 1))+ ρ2α−β− (1− ρ(1− e−1/ρ))
= I1 + I2 + I3 + I4
456AA7
B*,& -)%/01+ +( 8# &,/21,$#9 0&,(: '*# 9#$(,',)( )- ρ< β+ +(9 β− +(9
'*# &3&'#/ 456CD7 9#$(,(: α+ +(9 α−@
2I2 = −α+(1− ρβ+) + α−(1− ρβ−)
















I3 + I4 = ρ
2α+β+
(
1− ρ(e1/ρ − 1))+ ρ2α−β− (1− ρ(1− e−1/ρ))
= ρ2 (α+β+ + α−β−) + ρ
3 (α+β+ − α−β−)
− ρ3 (α+β+e1/ρ − α−β−e−1/ρ)
= J1 + J2 + J3
456A!7
F&,(: 456AC7 .# *+;# α+β+e
1/ρ − α−β−e−1/ρ = 1/µ +(9 '*0&
J3 = −ρ3/µ 456A 7
G)% J1 +(9 J2 .# 0&# '*# ;+10#& )- α+ +(9 α− :,;#( 83 456AH76 "# '*0&
   !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01
!"#$%&#' J1 (' ∆ )*%+,- (' )./0122 $3 3($4%-5
∆J1
ρ2
= (∆α+)β+ + (∆α−)β−
= (ρβ+ + ρβ−e
−1/ρ)β+ + (ρβ− + ρβ+e
1/ρ)β−




= ρ(β+ + β−)










= (∆α+)β+ − (∆α−)β−
= (ρβ+ + ρβ−e
−1/ρ)β+ − (ρβ− + ρβ+e1/ρ)β−
= ρ(β2+ − β2−)− ρβ+β−(e1/ρ − e−1/ρ)
= β+ − β− − 2ρβ+β− sinh(1/ρ)
)./6B2
C,$ "9 ,!&?49%D, $?4$ >, "9, EA4!,AF9 A"#, 4-: ,G"4$%3- )./6H2/ I?4$ !,4-9
$?4$ ∆ %- $?,9, ,J&A,99%3-9 %9 $?, :,$,A!%-4-$ 3< 9'9$,! )./0B2 4-: *%+,- ('





















(β+ − β− − 2ρβ+β− sinh(1/ρ))
)./612
L,4## $?4$ >, :,;-,: %- M,$%3- ./ /6 $?, +4A%4(#,9 x = µΓ = 4-: y =
λb/De 4-: $?4$ (' )./0 2 >, ?4+, β+β− = −1/x/ N#93 >, ?4+, ρ = x/y/
O, -3> A,>A%$, $?%9 ,G"4#%$' %- $?, (x, y) +4A%4(#,9/
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$(,& ,9 y0 B& $+() )%$$(&. $+% .2#)) $"#&)($(,& ,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F+%& µ = 1/27 F% F(22 +#/% # 3,F%"Q2#F ?8(' F($+ %@3,&%&$ 1/57 $+#$ ()
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φ(y) #2 0&303&7#35.1 73 yD .56 78'5 6#I#6#5$ 78' 'N%.7#35 <: y) C4 9' 2'7
φ(y) = µc1yD 9' 3<7.#5 78' 431139#5$ 0&3<1'/ 43& Q
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E9 ?/ 07;*,6;. *+,- /=73*,(4 5. µ 348 -*78. x 7→ x tanh(1/(2x)) ,* ,- /3-.
*( -// *+3* ,* 8(/- 4(* +3</ 3 -(;7*,(4 ,9 µ ≥ 1/2 348 *+3* ,- ?+. F)(5;/0
"#$%#& 344(* -/)</ 3- 3 974830/4*3; 6)(5;/0 9() *+,- )34:/ (9 µ$ ',43;;.1
*+/ -(;7*,(4 ,- ;/3);. 4(* /</4 348 7-,4: "#$A& (4 Q
0
,4-*/38 (9 p (4/ 34
(067*/ 3 6(-,*,</ <3;7/ τ0$ G+,- <3;7/ ,- 3;;/8 *+/  !"#$% !%'( )*+'))$
G+/ B43; )/:,0/ ,- *+/ *)34-,*,(4 )/:,0/ ?+,+ ,- ,4 5/*?//4 *+/ *?(












G+,- ;,0,* ,- (5*3,4/8 748/) *+/ 3--706*,(4 *+3* φ(y)→ 01 57* φ(y)/y→∞
3- y → 0$ G+/ /C3* 5/+3<,() (9 φ(y) ,- 4(* (5*3,4/8 3* *+,- ;/</;1 348 34
(4;. 5/ 8/*/)0,4/8 5. (4-,8/),4: +,:+/) ()8/)- ,4 *+/ /C634-,(4$ G+,- ?,;;
5/ 67)-7/8 97)*+/) ,4 I/*,(4 #$H$
 !  !!"#%& '()*!+#+,-.& /& 0' +"'1(,+,#1 2,+"&.(&













"#$%&' ()(* +,-./0'1 23 3%45-.'46-0 120%6#241 32& µ ≤ 1/2
728'9'&: #6 #1 '-1#0; 1''4 6<-6 =;16'. >()?@A -4 240; C' 1209'5 8<'4





σ + 1, #3 σ ∈ [−1, 0],
1− σ, #3 σ ∈ [0, 1]. >()?DA
E1 8' -4 1'' 6<#1 120%6#24 #1 &'-00; #4 C'68''4 6<' 682 /&'9#2%1 &'$#.'1*
#61 1%//2&6 #1 [−1, 1] 12 #6 #1 #4 - F-..'5 16-6' -1 -&' 6<' 3%45-.'46-0 120%G
6#241 23 6<' 6<' µ < 1/2 -1') 728'9'& 6<' 3%46#24 #1 '9'4 -1 #4 6<' µ > 1/2
-1' -45 -1 1%<: 52'1 426 162&' -4; 16&'11)
 !" #$%&'()*+,-&. &% ,/$ 0'&1*$( +.2 3+-.
#$4)*,
E6 6<' 16-&6 23 6<#1 16%5; 8' 8'&' #41/#&'5 C; 6<' 1#.#0-&#6; 23 6<' /&2CG
0'. $#9'4 C; 6<' 1;16'. >()?A 8#6< 6<' /&2C0'. 23 16-6#24-&; H-9#'&G=62I'1
'J%-6#241 8#6< - /'4-0#K-6#24 6'&. 62 6-I' #462 -2%46 -4 2C16-0' #4 9#12%1
L281 16%5#'5 C;  !"#$: %&'!()' -45 *)+&,(: M(℄: -)&+#' -45 *)+&,(
M(!℄: 2& -)&+#' M?O℄ #4 6<' 246',6 23 /2&2%1 .-6'&#-01: 2& 6<' /&2C0'. 23
8-9' 'J%-6#241 8#6< - /'4-0#K-6#24 6'&. 16%5#'5 C; *#&!($ -45 .'/0 MP!℄
 !"! #$%&'()*+,-&. &% ,/$ 0'&1*$( +.2 3+-. #$4)*,  !
"#$  !"#$% %&'( & ℄* +,-. /#123"4/$ 2. 51 .// -6 5,/ ."7/ 7/5,1$. 128$
9/ "$":5/$ 51 123 :3198/7* ;# 5,/ <= ./55-#4( 5,/ 19.5"8/ >128$ 9/ 5,/
/?5/3-13 16 5,/ [−1, 1] -#5/3@"8*
+,/ A3.5 5,-#4 51 $1 -. 51 ./:"3"5/ >,"5 ,"::/#. -#.-$/ "#$ 125.-$/ 5,/
19.5"8/* +,-. 7/"#. >/ 3/>3-5/ B&*!C >-5, 2#D#1>#.
q = p|]−1,1[, r = p|[−1,1]c,
"#$ 195"-#
− φ(y)∂2σq + y∂σq =
φ(y)
µ
δ0 -# ]− 1, 1[, B&*!E"C
− φ(y)∂2σr + y∂σr + r = 0 -# [−1, 1]c, B&*!E9C
r(±∞) = 0, B&*!EC
q ≥ 0, B&*!E$C
r ≥ 0, B&*!E/C
r(±1) = q(±1), B&*!E6C





q(σ)dσ = 1. B&*!E,C
F/ 3/6/3 51 B&*!E6C "#$ B&*!E4C ". 5,/  !"#$%&$$&'# '#)& &'#$ "#$ B&*!E,C ".
5,/ &# *+!", '#$ !"&# *
G1> 123 7"-# 3/.285 "# 9/ .5"5/$H
 !"#$"% &'(' -.* $',/ &'# '0 B&*!E"C1B&*!E,C2 0'! $%",, y2 "# 3* *45"#)*)
&# " 1#@/34/#5 $*!&*$ 6.'$*  *!%$ "# 3* )*$!&3*) &#  *!%$ '0 3'/#)"!7
,"7*!$8 9'!*':*!  .* *45"#$&'# ."#+*$ &0  .* 5"!"%* *! µ ."#+*$2 6.&.
,*")$ %'!* 5!*&$*,7  '  .* 0',,'6&#+ )&$/$$&'#;



















= c0 + c1y + c2y
2 + · · · .
 !  !!"#%& '()*!+#+,-.& /& 0' +"'1(,+,#1 2,+"&.(&







+ · · · ,
r =
√




= c1y + c2y
3/2 + · · · ,
2, ! Rk '"3"&',&4 $& (|σ| − 1)/y1/25







+ · · · ,





4/5 + c3y + · · · ,
2, ! Rk '"3"&',&4 $& (|σ| − 1)/y2/55
"#$%& '() *+),$-.# '()-+)/0 '() 1-22-3$%& +)#.2' +)24')5 '- '() /4+-7
#-*$ #'+)## /48 9) 5)5.)5:
#$%$&&'%( )*+* 6!" 3)"7,$%- "83(&-,$&- $&7")4" ,& ( -3(" ,& 2!,!  !"
(33+,( ,$& p 7→
∫
R
σp ,- ( $& ,&%$%- +,&"() .$)95 6!%- #* ( -,93+" ,& ":
4)( ,$& 2" !(7"  !" .$++$2,&4 "83(&-,$&-;
 ! µ > 1/2"  !" - )"-- "83(&'- (-
τ = η0y + η1y
2 + . . .
 ! µ < 1/2"  !" - )"-- "83(&'- (-
τ = τ0 + A0
√
y + . . .
 ! µ = 1/2"  !" - )"-- "83(&'- (-
τ = B0y
1/5 +B1y
2/5 + . . .
 !"! #$%&'()&*+ *, )-$ ./012)*)& 4&$%(%-0  !
"#$ %&'()*+ )-+.&-.+ /0#(# 1&2 3$ 0 $4$5. 6)' .#$ 7'+. )-$ )6 .#)+$
0$ #&%$ (-8(&.$89 &- 3$ )15*.$8 (- .$'1+ )6 .#$ 5')7:$+ )6 .#$ $45&-+()-
)6 q &-8 r;
<$.()- =;> (+ 8$%).$8 .) *-8$'+.&-8(-? 6')1 & 6)'1&: 5)(-. )6 %($0 0#$'$
.#$ 3)*-8&'2 :&2$'+ )1$ 6')1@ +.&'.(-? 6')1 &-  !"#$"# *-A-)0- 3)*-8&'2
:&2$' $45&-+()- /1$&-(-? .#&. 0$ 0(:: -). 5'$+'(3$ .#$ +(B$ )6 .#$ 3)*-8&'2
:&2$' -)' .#$ +&:$ )6 .#$ $45&-+()-9; C$ 0(:: .#$- )3.&(- .#$ $D*&.()-+ )6
.#$ 5')7:$ (- $&# &+$; "#(+ 1$.#)8 (+ 6&(':2 ?$-$'&: &-8 1&2 3$ &55:($8 (-
1*:.( 8(1$-+()-&: ?$-$'&:(B&.()-+ &-8 .#$ $D*&.()-+ )6 5')7:$ &- 3$ *+$6*:
6)' -*1$'(&: 5*'5)+$+;
E%$- .#)*?# .#(+ +$.()- 8)$+ -). )-.&(- &-2 5'))6 )6 )-%$'?$-$@ )-$
)*:8 6)::)0 *5 0(.# & )-%$'?$-$ 5'))6 3&+$8 )- $4(+.$-$ &-8 *-(D*$-$++
)6 .#$ 5')7:$+ &-8 $+.(1&.()- )6 .#$ '$1&(-8$' &. & ?(%$- )'8$'@ (- & 1&--$'
+(1(:&' .)  !"#$% &-8 &'(%# FG=℄9; I)0$%$' (- <$.()- =;J 0$ +#&:: ?(%$ &
+(15:$' 5'))6 0#(# $45:)(.+ .#$ 6&. .#&. .#$ 5')3:$1 (+ 1)'$ $&+(:2 &-&:2B$8
(- & .0) 5&'&1$.$' +$..(-?; K- .#(+ +$..(-?@ a = y/φ(y) &-8 b =
√
φ(y) &'$
.'$&.$8 & 5'()'( &+ (-8$5$-8$-. 5&'&1$.$'+; K. .*'-+ )*. .#&. .#$ +):*.()-
)6 .#$ 8(L$'$-.(&: $D*&.()- (+ &.*&::2 &- &-&:2.( 6*-.()- )6 a &-8 b; "#$
5'))6 *+$+ 5$'.*'3&.()- .#$)'2; M-$ )6 .#$ $++$-.(&: 8(L$'$-$+ 3$.0$$- .#$
)-$N8(1$-+()-&: &-8 1*:.(N8(1$-+()-&: &+$ (+ .#&. .#$ :(1(. b→ 0 3$)1$+
& +(-?*:&' 5$'.*'3&.()- 5')3:$1 (- +$%$'&: 8(1$-+()-+; "#$ 5$'.*'3&.()-
&'?*1$-. 0)*:8 .#$'$6)'$ 3$)1$ 1)'$ )15:(&.$8@ &-8 .#$ +):*.()- 0)*:8
8$5$-8 )-:2 +1)).#:2@ 3*. -). &-&:2.(&::2@ )- b; K- & +$)-8 +.$5@ 0$
&-&:2B$ .#$ '$1&(-(-? $D*&.()- '$+*:.(-? 6')1 .#$ (-.$?'&: )-+.'&(-.; "#(+
(+ & 7-(.$ 8(1$-+()-&: 5')3:$1 )6 .#$ 6)'1 F (µ, a, b) = 0; "#$ (15:((.
6*-.()- .#$)'$1 &- 3$ *+$8 .) $+.&3:(+# & '$:&.()-+#(5 3$.0$$- a &-8 b
0#(# -&.*'&::2 2($:8+ .#$ $45&-+()-+ )6 "#$)'$1 =;G;
 !" #$%&'()&*+ *, )-$ ./012)*)& 4&$%(%-0
K- .#(+ +$.()- 0$ +#&:: +#)0 .#$ 6)'1&: )15*.&.()-+ .#&. 0(:: 3$ O*+.(7$8
32 .#$ -$4. +$.()-; "#$ 6)'1&: )15*.&.()-+ &'$ )6 (-.$'$+. (- .#$(' )0-
'(?#.@ +(-$ .#$ &55')5'(&.$ &-+&.B (+ -). )3%()*+  !"#$"#; M6 )*'+$ .#$
'$+*:.+ 8$+'(3$8 32 )*"#!+, &-8 -%.+%+/ (- F!P℄ &-8 5')%$8 (- F>!℄ 0$'$
& 5)0$'6*: ?*(8$; Q$. .#$2 8) -). ?(%$ .#$ &.*&: &-+&.B; "#$ .'&-+(.()-&:
&+$ µ = 1/2 0&+ $+5$(&::2 #&'8 .) 8$%(+$;
 !  !!"#%& '()*!+#+,-.& /& 0' +"'1(,+,#1 2,+"&.(&
 !"!# $%&'()
"# $%&()*% +,% *#-.$/(0 1/0%( 2,), 1)%& ). +,% %3+%()#( $#4/). [−1, 1]c5
2% .%%$ +,% $)&+/.% +# +,% *#-.$/(0 {−1, 1} /.$ 2% /11 +,)& $)&+/.% θe5
2,), )& &)4610
θe(σ) = |σ| − 1.



























C%(% l /.$ s /(% +2# ).+%:%(& &/+)&90).: 1 ≤ l ≤ s? 7% ,/B% /1&# ).+(#$-%$<
c˜k =
{
ck, )9 0 ≤ k ≤ l − 1,








y(k+l)/s[Rk(−1, z) +Rk(1, z)]dz. =>?@DA




∣∣∂mz Rk(±1, z)∣∣ = 0. =>?>EA
F. 4#(% $%+/)1& 2% ,/B% +,% 9#11#2).:<
 !"#"$%&%"' ()* =G%%&&/(0 9#(4 #9 +,% /.&/+;A)  !" #$%$&"'"%( )* '!"
#%"+),-( $*($'. )* "$! $(" $* ,*01 2"3
%+ µ > 1/2, 4" !$+" s = 1 $*5 *, 2,-*5$%1 0$1"%6 4!)! &"$*( l )( -*5"7*"5
$*5 $00 '!" Rk $%" ."%,8
 !"! #$%&'()&*+ *, )-$ ./012)*)& 4&$%(%-0  !
 ! µ < 1/2"  ! "#$! s = 2 #%& l = 1'  "(" *!#%+ ,"#, ,"! -./%&#01 2#1!0
(+ .3 +(4! y1/25 6% ,"! !7,!0(.0 #22 ,"! R
k
#0! 4!0.8
 ! µ = 1/2"  ! "#$! s = 5 #%& l = 2  "(" *!#%+ ,"#, ,"! -./%&#01 2#1!0 (+




"#$% &' ()*+, -, .''00$1, 2.3(%(2.0 (0 %#$% %$4(.5 2%#'1 *$1$)'%'10
&(++ 1$*(3+, +'$3 %2 (++6*20'3 *12-+')0 721 %#' *128+'09 ':'. $% %#' +'$3(.5
213'1; <.2%#'1 3'%$(+ %2 .2%' (0 %#$% 721 µ < 1/2 721 (.0%$.' 2.' 2=+3 %$4'
s = 4 $.3 l = 2 -=% %#(0 &2=+3 +'$3 %2 %#' 0$)' '>*$.0(2. &(%# $ +2% 27
2'?('.%0 @#$+7 (. 7$%A 0()*+, :$.(0#(.5; "' #$:' (.3($%'3 %#' #2('0 27
*$1$)'%'10 %#$% +'$3 %2 %#' )(.()=) 27 B%1(:($++, C'12D %'1)0;
E#' (.%'1'0% 27 %#(0 *12*20(%(2. (0 %#$% (%0 *1227 5(:'0 $ )'%#232+25, %2
8.3 %#' 0(C' 27 %#' -2=.3$1, +$,'1 &#'. ,2= #$:' .2 # 90(.0( 4.2&+'35'
@712) *#,0(0 21 '+0'&#'1'A %2 5=(3' ,2=; "' #$:' 27 2=10' (. )(.3 2=1
)=+%(3()'.0(2.$+ 5'.'1$+(C$%(2. 27 %#' FG )23'+ 721 &#(# &' +$4 %#(0 4(.3
27 (.721)$%(2.;
H'721' &' $. *12:' %#(0 *12*20(%(2.9 &' .''3 %2 3'1(:' %#' 'I=$%(2.0
02+:'3 -, %#' *128+'0;
 !"! #$%&'()*+ ), -.)/01
"' .2& *=% %#'0' $.0$'%C' (. @J;KL$A6@J;KL#A $.3 $00')-+' %#' %'1)0 27 %#'
0$)' 721)$+ 213'1; "' 2-%$(. %#' 72++2&(.5 #('1$1#, 27 'I=$%(2.0;
;</#,(.% @J;KL$AM "' *=% %#' $.0$%C @J;K $A $.3 %#' $.0$%C @J;K A (.
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;</#,(.% @J;KL-AM "' *=% %#' $.0$%C @J;K -A $.3 %#' $.0$%C @J;K A (.
@J;KL-A; "' 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R
k
$.3 %#20' 2-','3 -, %#' Rk -, =0(.5 %#' *12*'1%, 0%$%'3 (. NI; @J;JOA;
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k+2l−k′ +Rk = 0,






k+2l−k′ +Rk = −θ′e∂zRk−s+l,
,-.-/(0
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 !"#$%&' ,-./30+ "*$% ,-.-40 *& 5*&16 78. ,-./30 '&9: $#99; <;
0 ≤ k : Rk(±∞) = 0. ,-.-/10
 !"#$%&' ,-./3=0+ >%# '&$*&<*$: ?#9)$*'& $?)&;9)$#; *&$'
0 ≤ k : Qk(±1) = Rk(±1) +Rk(±1, 0). ,-.-/#0
 !"#$%&' ,-./3@0+ >%# '&$*&<*$: '= $%# 1#?*A)$*A# $?)&;9)$#; *&$' ,@*A#& $%)$
θ′e *; &'& B#?'0+
0 ≤ k ≤ l − 1 : 0 = ∂zRk(±1, 0), ,-.-/=0
0 ≤ k : ∂σQk(±1) = ∂σRk(±1) + θ′e(±1)∂zRk+l(±1, 0). ,-.-/@0
 !"#$%&' ,-./3%0+ C*&)99: D# @#$ =?'5 78. ,-./3%0 $%# ='99'D*&@ '&;$?)*&$;
='? $%# E?'F9#+
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* &,  !-. ,-./310 #'/ ,-./3#0+ >%# $D' '&1*$*'&; ,-./310 )&1 ,-./3#0
$?)&;9)$# *&$' $%# E';*$*A*$: '= $%# 9'D#;$ '?1#? $#?5 '= $%# #GE)&;*'&; ,-./ )0
)&1 ,-./ (0. H'?#'A#?6 (: $)I*&@ *&$' )'<&$ ,-./J06 $%*; )9;' 5#)&; $%)$
$%# F?;$ &'&B#?' c˜k 5<;$ (# E';*$*A#.
 !"! #$%&'()&*+ *, )-$ ./012)*)& 4&$%(%-0  !
 !"!# $%&&' &' $%&(&)*+*&,  !-
"#$ %&'% $( &')( %&( (*+'%,#-. .#/)(0 12 %&( 34#5/(.6 $( '- %+4- %# %&(
34##8 #8 94#3: %&;&<;-((..'42: =( 14('> ,% 0#$- ,-%# .()(4'/ .%(3.:
 !""# $%&%  ! c˜0 6= 0 "#$% &'' "#$ Rk &($ %$$**&(+', -$(. /"#0* l +* 0%1$2
3%$145
6(..!5 =( '4?+( 12 ,-0+%,#-: @'>( k = −2l ,- A<:<B1C '-0 k = 0 ,- A<:<B8C
'-0 ,- A<:<DC: @&(- %&( 34#1/(E .#/)(0 12 R0 ,.
∀z > 0 −µc˜0∂2zR0(±1, z) = 0,
−∂zR0(±1, 0) = 0,
R0(±1,+∞) = 0.
$&#.( #-/2 .#/+%,#- ,. R0 = 0: "#$ .+33#.( R0, · · · , Rp−1 '4( ,0(-%,'//2 0




p = 0: F+% .,-( 84#E A<:<DC ∂zR
p → 0 '. z %(-0. %# ,-5-,%2 %&(- $(
5-0 ∂zR
p = 0 8#4 '// z: @&(- '?',- Rp → 0 '% ,-5-,%2 '-0 Rp ,. ,0(-%,'//2
0:
"#$ $( /##> '% %&( #%&(4 '.( $&(- c˜0 = 0:
 !""# $%$%  ! c˜0 = 0 "#$% %$$**&(+',
75 R
k
+* +1$%"+&'', 0 /&%1 "#0* *. +* ck4 !.( &'' k8
95 c1, . . . , cl−1 &($ 0 &%1 cl &%%." :$ 08
;5 R0, . . . , Rl−1 &($ &'' +1$%"+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'-0 .,-( c˜0 = 0 $( &')( R
0
= 0: @&( ,-0+%,#- ,. %&(- /('4 .,-( '// 34#5/(
R
k
$,// .'%,.82 %&( .'E( (*+'%,#-:
@# 34#)( %&( .(#-0 3#,-%6 ,-%4#0+( m %&( ,-0(G #8 %&( 54.% -#- H(4#
ck '-0 .+33#.( 0 ≤ m ≤ l − 1: @&(- %'>( A<:<B1C $,%& k = m − l $&,& ,.
%&( 54.% -#- %4,),'//2 .'%,.5(0 (*+'%,#- 8#4 %&( Rk: I,-( m ≤ l − 1 %&(- $(
&')( m− l ≤ −1: 94#),0( 8#4 %&,. (*+'%,#- %&( 1#+-0'42 #-0,%,#- ?,)(- 12
   !!"#%& '()*!+#+,-.& /& 0' +"'1(,+,#1 2,+"&.(&
 !"!#$% &'() k = 0 *+, ()- ./0.-/(1  !"!2%3 *+, ()'4 5-*,4 (0 ()- $0550&'+6
./075-8 $0/ R09 
∀z > 0 −µcm∂2zR0(±1, z) = 0,
−∂zR0(±1, 0) = 0,
R0(±1,+∞) = 0,
&)') *+ 0+51 7- 4*('4;-, 71 ()- +<55 $<+('0+" =55 $0550&'+6 Rk &'55 ()-+
4*('4$1 ()- 4*8- ./075-8 *+, 7- 0+4-><-+(51 0 *+, ()<4 40 '4 Rm" ?)'4 '4
0+(/*,'(0/1 4'+- cm '4 4<..04-, (0 7- +0+@-/0 *+, ()- '+(-6/*5 0$ R
m
""
A<..04- +0& m ≥ l + 1" B+- *6*'+ &- */6<- 71 '+,<('0+ ()*( *55 Rk
*/- ',-+('*551 0 &)') 5-*,4 (0 * 0+(/*,'('0+ &'() cm 6= 0" ?*C- k = 0
'+  !"!#7% *+, 10< ;+, ()*( R0 = 0 7-*<4- *55 ()- 0-D'-+(4 '+ ()- 4<8
*/- 0 ,<- (0 ()- $*( ()*( ()- ;/4( '+,-E $0/ &)') c˜k '4 +0+ @-/0 '4 l +m"
?)-+ 4<..04- R0, . . . , Rp−1 */- *55 ',-+('*551 @-/0 *+, (*C- k = p '+  !"!#7%"







&- 4-- ()*( '$ k′ ≤ m+ l−13 ()-+ c˜k′ = 03 *+, '$ k′ ≥ m+ l3 ()-+ p+2l−k′ ≤
p − (m − l)3 *+, ()<4 ∂2zRp+2l−k
′
= 03 40 ()*( ()- 4<8 '4 '+ $*( 0" =+, '$
p ≥ 03 ()-+ &- *+ 0+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*&'+, +- &./ 0+12*3 456*,%'+,%  !
"#$% $&'((' )$*(% +,. /01234 5#(& 6&( %(7% b =
√
µc01
8& 7#( 67#(9 #,&' %(7 b = 01 "#(& 7#( (:;,7$6&% 6< q 6& 6&( #,&' ,&'
rg= rd 6& 7#( 67#(9 #,&' '(6;>?(1 @( ,& %(7 rg = rd = 0 +A ?$&(,9$7A ,&'
7#$% B,.(% 7#( >96+?(B %(7 6& 7#( $&7(9*,? [−1, 1] 6&?A= 5$7# #6B6)(&(6;%




µa (exp (a)− exp (−a)) (exp (a (σ + 1))− 1) , $< σ ∈]− 1, 0[=
exp (a)− 1
µa (exp (a)− exp (−a)) (1− exp (a (σ − 1))) , $< σ ∈]0, 1[=
rµ,a,0g = 0,
rµ,a,0d = 0. /010D4
@( E&' /012F4 ,),$& 5#(& a = 1/(µc1)1 G$&,??A= 7,.$&) 7#( ?$B$7 b→ 0 $& 7#(





(σ + 1), $< σ ∈]− 1, 0[=
1
2µ
(1− σ), $< σ ∈]0, 1[=
5#$# )$*(% +,. /012H4 5#(& 5( %(7 µ = 1/21
 !"!# $%&'() *+,-./&,&01 +2 03) 456 7170)8
@( '(E&( 7#( 5($)#7(' I6+6?(* %>,(
Hsǫ (0,∞) = {u | exp(ǫθ)u(θ) ∈ Hs(0,∞)}.
@( EJ , %B,?? ǫ > 0= ,&' 5( %((. %6?;7$6&% (q, rd, rg) $&H
1(−1, 1)×(H1ǫ (0,∞))21
@( ,& )(7 9$' 6< 7#( 5($)#7 exp(ǫθ) +A %(77$&) rg,d = exp(−ǫθ)sg,d1 K69(L
6*(9= 5( $%6?,7( 7#( %$&);?,9$7A 6< q ,7 7#( 69$)$& +A %(77$&) q˜(σ) = q(σ) −
(1− |σ|)/(2µ)1 "#$% ?(,'% 76 7#( &(5 %A%7(B
− ∂2σ q˜ + a∂σ q˜ =
a
2µ
sign σ $& ]− 1, 1[, /010M,4
− ∂2θsg − (ab− 2ǫ)∂θsg + (1− ǫ2 + abǫ)sg = 0 $& ]0,∞[, /010M+4
− ∂2θsd + (ab− 2ǫ)∂θsd + (1− ǫ2 − abǫ)sd = 0 $& ]0,∞[, /010M4
sg(0) = q˜(−1), /010M'4
sd(0) = q˜(1), /010M(4
− ∂θsg(0) + ǫsg(0) = b∂σ q˜(−1) + b/(2µ), /010M<4
∂θsd(0)− ǫsd(0) = b∂σ q˜(1)− b/(2µ). /010M)4
 !  !!"#%& '()*!+#+,-.& /& 0' +"'1(,+,#1 2,+"&.(&
"# $%& '%%( )%* +%',-.%$+ .$ -/# ),$-.%$ +12#
X = {(q˜, sd, sg) ∈ H2(−1, 1)×(H2(0,∞))2/ sg(0)−q˜(−1) = 0, sd(0)−q˜(1) = 0}.
3#4$# Y 2+
Y = L2(−1, 1)× (L2(0,∞))2 × (R)2.
"# 5#4$# -/# %1#*2-%* Lε,a,b )*%6 X -% Y 78
Lε,a,b(q˜, sd, sg) = (−q˜′′ + aq˜′,
−s′′g − (ab− 2ǫ)s′g + (1− ǫ2 + abǫ)sg,
−s′′d + (ab− 2ǫ)s′d + (1− ǫ2 − abǫ)sd,
−s′g(0) + ǫsg(0)− bq˜′(−1),
s′d(0)− ǫsd(0)− bq˜′(1)).
9#- ,+ $%-# E = R×{0}∪{0}×R+: "# '2.6 -/# )%''%&.$; <*%1%+.-.%$:
 !"#"$%&%"' ()() •  !" #$#"% (a0, b0) ∈ E &'#"# #()*&* +, ε0 > 0 +,-
+ ,#).'/!"'!!- V !0 (a0, b0) ), R × R+ *1' &'+& 0!" +,% (ε, a, b) ∈
[0, ε0[×V &'# !3#"+&!" Lε,a,b )* ),$#"&)/4#5
• 6'# 7+33),. (µ, a, b) 7→ (qµ,a,b, rµ,a,bg , rµ,a,bd ) )* +,+4%&)5
5
8"!!05 =%* -/# 1*%%) %) -/# 4*+- 1%.$-> .- '#2*'8 +,?#+ -% %$+.5#* ǫ = 0
2$5 #.-/#* a = 0 %* b = 0@ -/# *#+- )%''%&+ )*%6 2$2'8-. 1#*-,*72-.%$ -/#%*8
A+## )%* .$+-2$#  !"#BCD> / EFF> 1: DGH℄J: F$5##5> 7#2,+# &# *#6%K#5 -/#
+.$;,'2*.-8 2- 0> Lε,a,b .+ 2 7%,$5#5 %1#*2-%* )*%6 X -% Y : L%*#%K#*> )%* 2$8
(q˜, sd, sg) .$ X 2$5 f .$ Y
∗
> 〈f,Lε,a,b(q˜, sd, sg)〉Y ∗,Y .+ 2 1%'8$%6.2' .$ (ε, a, b)
2$5 -/,+ Lε,a,b .+ 2$2'8-. 2+ 2$ %1#*2-%*:
F) ǫ = b = 0> -/# 1*%7'#6+ )%* q˜> sg 2$5 sd 5#%,1'#> 2$5 -/# 5#%,1'#5
1*%7'#6+ 2*# #2+8 -% 2$2'8M#N &# +%'K# #''.1-. O3P+ &.-/ .$/%6%;#$#%,+
Q#,62$$ 7%,$52*8 %$5.-.%$+ )%* sg 2$5 sd 2$5 -/#$ ,+# -/# K2',#+ sg(0)
2$5 sd(0) .$ -/# 7%,$52*8 %$5.-.%$+ )%* q˜: Q%&> '#- ǫ = a = 0> b > 0: Q%-#






















2 dθ ≤ C ‖f‖2Y .
 !"! #$%&'(*&'+, +- &./ 0+12*3 456*,%'+,%   
!"# $%#&'($& L0,0,b )* ("#+ )+,#&()-.# -/ *('+0'&0 '&123#+(* 2*)+1 4'56
7).1&'3 !"#$&#3 '+0 &#12.'&)(/ $8 #..)%() $%#&'($&*:
!"# *#$+0 %$)+( 2*#* ("# 8'( ("'( L−1ε,a,b; '* ' 82+()$+ $8 a '+0 b; )*
'+'./(); *$ )*
(µ, a, b) 7→ ( a
2µ






'+0 <+'../ *$ '&# ("# ,'&)$2* "'+1# $8 ,'&)'-.#*:
 !"!# $%&'()*'(%+ ,- .
=# +$> *#(
F (µ, a, b) =
∫ 1
−1
q(σ) dσ + b
∫ ∞
0




>"#&# q; rd '+0 rg "',# -##+ 0#(#&3)+#0 '* *$.2()$+* $8 ("# ?@A */*(#3 '*
0)*2**#0 )+ ("# %&#,)$2* *2-*#()$+:
B8 a = 0; ># $3%2(#; 2*)+1 CD:DEF;







G +$++#1'(),# *$.2()$+ b0 $8 ("# #H2'()$+ F (µ, 0, b0) = 1 #5)*(* )8 '+0 $+./ )8
µ ≥ 1/2: 7$&#$,#&; ># <+0
∂F
∂b











B8 b = 0; ># '.2.'(#; 2*)+1 CD:DIF;




G* a ,'&)#*; (")* 82+()$+ 0#&#'*#* 3$+$($+)'../ 8&$3 ' .)3)( $8 1/(2µ) '(
a = 0 ($ K#&$ '* a → ∞: L#+# ("# #H2'()$+ F (µ, a0, 0) = 1 "'* ' *$.2()$+
a0 )8 '+0 $+./ )8 µ ≤ 1/2: !"# 0#&),'(),# ∂F/∂a(µ, a, 0) )* +#1'(),# 8$& a > 0;
-2( ∂F/∂a(µ, 0, 0) = 0: 7$&#$,#&; ># <+0
∂2F
∂a2
(µ, 0, 0) = − 1
12µ
< 0. CD:DMF
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),-&-'! E 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#!( *, ./F!1)%%!0!,'
$-G0%')'&=*! .! p !, C),'&), .! ε = 1/y %)*( !, ./.*&(! %$( -&0%1! &,;
'/H($'&), *, ./F!1)%%!0!,' .! 1$ ),'($&,'! τ ./I,&! !, C),'&), .! p %$(
?@4JB4 <! (/-*1'$' K%#G-&=*!L .* #$%&'(! !-' 13/=*&F$1!,' .! 1$ ),'($&,'!
.),,/ .$,- 1! '#/)(80! @42 0$&-7 .! ,)*F!$*7 13/,),/ !>&-'$&' ./ME .$,-
13$('&1! .3 !"#$%& !' '()%(%* N@O℄4 <3&,'/(+' .! 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! $F! 1! 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&
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4-6'3'4- 68'-3<=.%$* 7.*&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0%7'3.* H1 $% 5<3046* 6* 7*.3).E%3'4- %-%$?3'()* *57$4?<*
6%-& $* 0%7'3.* " 74)..%'3 -* 7%& &8%77$'()*.1 2%)3* 6* &4$)3'4-& %&&*I 24.3*&
%) 546F$*+ J% 5<3046* 68%-%$?&* 6*& .*&3*&1 ()* -4)& *57$4?4-& ''1 % 6*&
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3'4- 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4)9
7$<+ >* 0%7'3.* 4-3'*-3 64- E'*-  !"# %-%$?&*& 6* 7*.3).E%3'4- &'-=)$'F.*
68<()%3'4- 6'G<.*-3'*$$*+
>* 0%7'3.* *&3 3'.< 68)- %.3'$* &4)5'& 74). )- -)5<.4 &7<'%$ 6* $&!'!
()&'* +*,)!-*,&.1 6%-& $* %6.* 6* $% /0!')1()&'!.! $"--!0 $)223 &).
3!. !4!,.  ! ,!'.!"0  ! 2',0*&',!. ."0 3!. 5"& !.+
 !"! #$%&'()%+'$  !"
 !" #$%&'()%+'$
#$ %&$ '()$&$*)$+ '( ),$ -$,%.'/0& %) 1%&2$ *,$%& &%)$* /3 ),$ 45-&%0+6
7$80$09 :/+$1 ;&$3$&&$+ )/ %* 47 '( ),$ *$80$1 3/& -&$.')<=> +$&'.$+ -<
 !"#$%& %(+ '()%(%* '( ?"@℄B C,'* :/+$1 '* % D/EE$&6F1%(E61'E$ :/+$1
H,', %':* %) +$*&'-'(2 ),$ -$,%.'/0& /3 % 2$($&' */3) 21%**< :%)$&'%1B C,'*
:/+$1 ,%* -$$( *)0+'$+ -< .%&'/0* %0),/&*> -/), '( ')* (/(*)%)'/(%&< .$&*'/(
%(+ ')* *)%)'/(%&< /($B I($ %( ')$ +$,./0 +$112 %(+ 3$14 ? J℄ 3/&
% FKL %MM&/%, /3 ),$ H$116M/*$+($** %(+ 5(, 67$8$ %(+ 92%#&$4, ?N℄
3/& % *)/,%*)' %(%1<*'* /3 ),$ O%0,< M&/-1$:B C,$ H$116M/*$+($** /3 ),$
*)%)'/(%&< M&/-1$: ,%* -$$( %+&$**$+ '( ? J℄ %(+ ?N"℄B C,$ *)0+< /3 ),$ 21%**
)&%(*')'/( '( ),'* :/+$1 ,%* -$$( /(+0)$+ '( ?N"℄ H'), % +'&$) %MM&/%,
H,', '* .$&< *M$'P )/ ),$ 1d *$))'(2 /3 ),$ 47 :/+$1 %(+ H%* &$.'*')$+
'( ?NQ℄ H'), % :/&$ &/-0*) :$),/+ /( H,', ),'* M%M$& '* :/+$11$+B C,$
($$+ 3/& % &/-0*) %MM&/%, )/ ),'* 80$*)'/( %&'*$ H,$( H$ )&< )/ R0*)'3< %
:01)'+':$(*'/(%1 :/+$1 2$($&%1'S'(2 ),$ /($ /3  !"#$%& %(+ '()%(%* '(
?NN℄B
7$) 0* (/H &$.'$H ),$ +$*&'M)'/( /3 ),$ 47 :/+$1B T( ),'* :/+$1 ),$
*)%)$ /3 % *%:M1$ /3 ),$ :%)$&'%1 0(+$&2/'(2 % *,$%& &%)$ γ˙ '* +$*&'-$+ -<
:$%(* /3 % M&/-%-'1')< +$(*')< p /.$& ),$ *)&$** *M%$B C,$ *)&$** /3 ),$
*%:M1$ '* (/)$+ τ B U$%0*$ /3 ),$ $1%*)/.'*/M1%*)' (%)0&$ /3 */3) 21%**<
:%)$&'%1> H,$( *0-:'))$+ )/ % *,$%& &%)$> H$ $9M$) ') )/ ,%.$ % )&%(*')/&<
M,%*$ 3/11/H$+ -< % *%)'/(%&< M,%*$B C,$ 47 :/+$1 %( ,%(+1$ -/), &$2':$*
-0) H$ H'11 -$ '()$&$*)$+ /(1< /( ),$ P(%1 *)%)'/(%&< M,%*$B T( ),'* M,%*$> p
'* % M&/-%-'1')< +$(*')< H,', 3/11/H* ),$ 3/11/H'(2 +':$(*'/(1$** $80%)'/(V





H,$&$ h *)%(+* 3/& ),$ ,%&%)$&'*)' 30()'/( /3 ),$ *$) R \ [−1, 1]B C,$
)$&: δ0 '* ),$ K'&% :%**B C,$ M%&%:$)$& y '* % +':$(*'/(1$** *,$%& &%)$
γ˙/γ˙c H,$&$ γ˙c '* % &')'%1 *,$%& &%)$ +$M$(+'(2 /( ),$ :%)$&'%1B C,$ M/*')'.$
&$%1 (0:-$& µ '* % :%)$&'%1 +':$(*'/(1$** /(*)%() +$*&'-'(2 ),$ :%)$&'%1
H'), &$*M$) )/ ),$ 21%** )&%(*')'/(B
T( ?NQ℄ H$ M&/.$+ ),%) H,$( ),$ *,$%& &%)$ '* *:%11> ),%) :$%(* H,$(
y ≪ 1 H$ %( 2$) .%&'/0* -$,%.'/0& 3/& ),$ :/+$1 +$M$(*'(2 /( ),$ .%10$
/3 µB W/&$ M&$'*$1<> H$ M&/.$+ ),%) H,$( µ > 1/2 ),$ -$,%.'/0& /3 ),$
:/+$1 '* %) :%'( /&+$& ),$ -$,%.'/0& /3 % X$H)/('%( Y0'+> H,$( µ < 1/2
),$ -$,%.'/0& '* ),$ /($ /3 % ),&$*,/1+ Y0'+ /3 4$&*,$116U01E1$< )<M$ %(+
 !"  !"#$%&%'()* +* ,&-% %.)/ +* '!.'11*#*2%
#$%& µ = 1/2 #% $'(% ' )*#%+,-'# ./01 #02$ %3)*&%&2 1/54 5& 2$% )+%6%&2
)')%+ #% '+% 0&2%+%62%1 0& 2$% -'+7% 6$%'+ +'2% 8%$'(0*/+ *9 2$% ./01: 2$'2 06
2* 6'; y ≫ 1 '&1 #% #0-- )+*(% 2$'2 2$% 8%$'(0*/+ 06 2$% *&% *9 ' <%#2*&0'&
./01 0&1%)%&1%&2-; *9 2$% ('-/% *9 µ: #$0$ 06 2$% %3)%+0>%&2'- 8%$'(0*/+
%3)%2%1 9*+ 6*92 7-'66; >'2%+0'-6 ?6%% 9*+ 0&62'&%  !"#$% @AB℄D4
E0&'--; Γ 06 '--%1 2$%  !"#"$% '&1 06 +%-'2%1 2* 2$% 0&2%7+'- *&62+'0&2∫





K%'/6% p 06 ' )+*8'80-02; 1%&602;: Γ 06 &*&% *2$%+ 2$'& 2$% )+*8'80-02; 2*
L&1 |σ| > 1 '&1 2$/6
0 ≤ Γ ≤ 1. ?I4ID





N/+ '0> 06 2* 62/1; 2$% -0&O 8%2#%%& y: #$0$ 06 70(%&: '&1 τ : #$0$ 06
*>)/2%1 &"' ?I4"D #$%+% p 06 2$% 6*-/20*& *9 ?I4 D4 F% $'(% '-+%'1; 1*&%
6* 0& 2$% -0>020&7 '6% y → 0 0& '&*2$%+ )')%+ @A"℄ ?#02$ &' ()*#+%,D '&1
#06$ 2* /&1%+62'&1 2$% *2$%+ -0>020&7 '6% y → +∞4 E*+ 2$% 6%H/%- *9 2$%
)')%+ #% &*2% y = 1/ε4
F% '+% 2$/6 0&2%+%62%1 0& 2$% 8%$'(0*/+ *9 '& %--0)20 NPQ #02$ ' )%+,
2/+8'20*& *9 2$% 9*+> ∂σp/ε4 M$06 )+*8-%> *92%& '+06%6 0& 2$% 62/1; *9 2$%
'6;>)2*20 8%$'(0*/+ *9 ('+0*/6 >*1%-64 N&% '& +%9%+ 9*+ 0&62'&% 2* 2$%
('&06$0&7 R*668; &/>8%+ '))+*30>'20*& 0& *%'&*7+')$; '6 1%6+08%1 0&
-.)/0*1 2)!3#+%0*!1 4#$$#5.)+ '&1 4+)*0)+ @JJ℄4 F$'2 06 6)%0L 0&
*/+ >*1%- 06 L+62 2$'2 02 06 6%2 0& '& /&8*/&1%1 1*>'0& #$0-% 2$% 60&7/-'+
-0>026 #% >%&20*&&%1 '+% 6%2 0& 8*/&1%1 1*>'0&64 M$% *&6%H/%&% 06 2$'2:
09 #% 2+; 2* 2'O% 2$% &'S(% -0>02 ε → 0: #% %&1 /) #02$ 2$% -0>02 %H/'20*&
∂σp = 0 #$0$ $'6 *&-; 0 '6 ' 6*-/20*& *& '& /&8*/&1%1 1*>'0&4 M$06 -0>02
06 &*2 (%+; +0$ 2* 1%6+08% 2$% -0>020&7 8%$'(0*/+ *9 2$% >*1%-4 T*+%*(%+:
2$% 6%*&1 6)%0L 9%'2/+% *9 */+ >*1%- 06 2$'2 #% $'(%
∫
p = 1 #$0$ 06 2+/%
9*+ '-- ε > 0 '&1 >/62 +%>'0& 2+/% '2 2$% -0>024 M$06 06 -%'+-; 0&*>)'208-%
#02$ 2$% &'S(% -0>02 p = 0 2$'2 #% U/62 >%&20*&&%14 M$06 10V/-2; 06 +%-'2%1
2* 2$% 9'2 2$'2: 1%6)02% '))%'+'&%6: */+ )+*8-%> 06 2+/-; &*&-0&%'+ '&1 2$%
0&2%7+'- *&62+'0&2 >'O%6 W;62%> ?I4 D H/02% +07014
M* *(%+*>% 2$%6% 10V/-20%6 #% >/62 1%6+08% 2$% 6*-/20*& *9 ?I4 D >*+%
'/+'2%-; 2$'& #02$ U/62 2$% &'S(% -0>024 M$06 06 #$; #% 1%*>)*6% 2$%
 !"! #$%& '()*+,)  !"
#$%&'($) ()'$ '*+,, -.+'# $++,#-$)0()1 '$ '*, ()',+2.%# ] −∞, 0[3 ]0, 1[ .)0
]1,+∞[ $4-%,',0 5('* '+.)#4(##($) $)0('($)# .' 0 .)0 1 5*(* .+, 1(2,)
67 '*, ,8-,',0 1%$6.% +,1&%.+('7 $9 '*, #$%&'($) $9 :;< =< >, 5(%% #,, '*.'
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∂σp+,i(0) = ∂σp−(0)− 1
µ
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*(. /$*( -0. /%- -0%- p )' 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∂σp+,i(0) = ∂σp−(0)− 1
µ
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p+,e(σ) = q+,e(ε(σ − 1)),
%&, 5. &*-. z -0. ?%$)%76. */ q−Dqbl %&, q+,e 8%&, %6'* -0. *&. */ q+,i /*$
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)-E<2 F' qbl ,.'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− µΓ∂2zqbl − ∂zqbl = 0,
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hε(z) = h(εz).
,-.% .$'. /0+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q1+,e(z) = exp(−z). =>7 G@
E' )5+1 %);' $%)$ c0 = 17 H1" "' 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q1−(z) = exp(z/µ). =>7I @
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(/-)$ )-12*'-" ') q2+,e(z) = − exp(−z)3 4$ %1)- /%5$ c1 = −13 4$ -"*'"2$
67 -++$*'"& */$ 8$+'5%*'5$ -, */$ 9+$5'-2) %99+-:'.%*'-" ('*/ % 6-2"8%+7
1%7$+0 {
− µ∂2zq3bl − ∂zq3bl = 0,
∂zq
3
bl(0) = −∂zq1+,e(0) = −(−1),
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prem+,e (σ)dσ = −ε+ µε2
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= µΓε3 exp(−ε(σ − 1)). 234!96
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+ (&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+,e (1)− ε2 = ∂σprem+,i (1).
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prem+,i (0) = p˜
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p˜rem+,e − ε2 = ∂σprem+,i (1),
9!:!E=
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&'() *( +,( -'( ./012+, -0/),31,,12) 2)51-12), -2 ,1367189 -'( 7(8-:'/)5
,15($ ;20 (</367( *( '/.(=













































>) -'( ,/3( */9? -'( 1)-(08/( -(03, /- σ = 1 ,1367189 (<(6- 820 / -(03





+,i (1)$ &'1, -(03 1, /-+/779 28 / '1@' ()2+@' 205(0 820 2+0 6+062,($

























































 !"! #$%%& %& #$%'%()*)%+  !,   !
"#$ %&'( )* +& ,&#-. ,/ ',&01 101$/ +1$2 )- +31 $)%3+43'-. *).1 ,/ +1$2*
'551'$)-% )- +31 (16+ 3'-. *).1 '-. ,/ 7#'-+)+)1* )-.151-.1-+ &6 prem8 91+
#* '**#21 6&$ -&: 9122' ;8 :3)3 :)(( ,1 5$&01. )- =1+)&- ;8>8?8 @1'((








D)$*+(/ :1 3'01 ,/ A;8;B '-. ' .)$1+ &25#+'+)&- &6 +31 )-+1%$'( +3'+E∥∥∥R̂+,e∥∥∥
L2(1,+∞)
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L2(−∞,0)
= O(ε1/2). A;8N B
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2 ≤ O(ε3). 456778
 !""# "# $%&'()*+,+&- 45698.456:8/
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2 = O(ε3). 2346B7
















%&0 >= 234997 (# ,%A# >'+,∥∥∥∥ 12µεp˜rem−
∥∥∥∥
L2(−∞,0)
= O(ε3/2), 2346 7∥∥∂σ p˜rem− ∥∥L2(−∞,0) = O(ε3/2), 234657
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πC,ε,app+,e (σ) = Cε
2 exp (−ε(σ − 1)) ,
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− µ(1 + Cε)∂2zχbl − ∂zχbl = 0,
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πC,ε,app+,e (σ) = Cε
2 exp (−ε(σ − 1)) . 0>5A 1
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πC,ε,rem+,i (0) = π˜
C,ε,rem
− (0),














































































= O(ε2). <=5C ?
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dσ + Cε+ ε− µε2
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dσ = O(ε3). /01::3
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8/ = 8)0.745 678)1 0) L1 9+,) ν 0/ 3?,1% G7)/,H8,)*-: =): jE/86/,H8,),
7. (Hjν) 9,=F-: 7)>,4<,/ *7 = @7/0*0>, 5,=/84, χν % I74,7>,4 9, +=>, *+=*
χν(B) ≤ m2ν
m3 − C1ν , #$%"!'
/7 *+=* χν(B) *,)1/ *7 0 =/ ν → 0%
B, )79 8/, *+, .=* *+=* 9+,) ν 0/ 3?,12 *+, -0),=4 7@,4=*74 (−ν∆ +
L(Σ,∇))−1 0/ 7)*0)878/ 7>,4 W−1,β 90*+ >=-8, 0) W1,β0 #9+0+ 0/ =)7*+,4
.7458-=*07) .74 J,55= $%&'% G7)/,H8,)*-: Hjν 7)>,4<,/ *7 Hν =* -,=/*










Hν = χν(B)→ν→0 0. #$%"K'
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 !"#" Ŝi 1"'&+") -'5 2"+&# &. R
5
 *+! &64&'"'+) Sj  *+! j 6= i/















































B'" -(-*'  " )"" +!-+
∫
|S|≤1
S2iG1(Sj , |Ŝj|)dS 1&") '&+ 1"4"'1 &' (i, j) *.


















C& "2-%,-+" +!*) *'+"(#-%  " *'+#&1," +!" .&%%& *'( +")+ .,'+*&';
χ1(y, y
























 !"#" y ∈ R -'1 y′ ∈ R5/ B'" -' !"G +!-+ +!*) .,'+*&' )-+*)H") −∆χ1 =
y2 -'1 χ1 2-'*)!") &' +!" ,'*+ )4!"#"/ 3&  " !-2" +!" .&%%& *'( #"%-+*&';∫
|S|≤1







 !"! #$%&'()* +(*,) -./,01 23, 2)(&0.4.$&(5 6(0, µ = µc  ! 
"#$ &# '$( )*+#, -'$ .$/#+-+0# 01 χ1 -'&-
χ1(S1, Ŝ1)− χ1(S2, Ŝ2) = 1
20
(S21 − S22)(1− |S|2), 234 3 5
*0 -'&- 6'&- +* 7$1- -0 089)-$ +*∫
|S|≤1
(S21 − S22)G1(S1, Ŝ1)dS = −
∫
|S|≤1
E ′(|S|)S21(S21 − S22)(1− |S|2)
20|S| dS.
234 3:5
;06 )*+#, -'$ '&#,$ 01 <&=+&>7$ 6'+' $?'&#,$ -'$ <&=+&>7$* S1 &#. S2
&#. 6=+-+#, -'$ &<$=&,$ 6$ '&<$ -'&- -'$ +#-$,=&7 +* &7*0∫
|S|≤1
(S21 − S22)G1(S1, Ŝ1)dS = −
∫
|S|≤1









(S21 − S22)2|E ′(|S|)|
|S| (1− |S|
2)dS. 234 335




· 24 < 14 A'+* +897+$* -'&- C6 = C2 − C4 = 3
20
C2 > 04
 !"#$%&%'!( !) J2*
A'$ +#-$,=&7 J2 +* -=$&-$. )*+#, -'$ *&8$ 8$-'0.4 D$ +#-=0.)$ &#
0=-'0,0#&7 8&-=+? Q0 *)' -'&- (Q0)TA0 +* -'$ <$-0= (|A0|, 0 . . . , 0) &#. 6$




















|S| S1 +# |Σ| < 1,
G∗2 = 0 0# |S| = 1,
234 3G5






A0 · Σ)G2(Σ)dΣ = C5
µ3c˜22l
|A0|2, 234 3!5






S1G2(S1, Ŝ1)dS, 234 3H5
 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%




y2 + |y′|2 ,
G2 = 0.
'() (*+




y(1 − (y2 + |y′|2)) #$/$


























>.?96&/-@ C5 0. C3 5&.? '() "<+ #% 6- 4%% 0$60 C5/C3 =
7
96
· 12 < 1 6-1
0$24 C7 = C5 − C3 > 0)









. '() < +
 !"$%&'!" !" ()* +"(*,-.$ !/ G˜0
>.?E/-/-@ '() =*+D '()   +D '()  "+D '() "F+ 6-1 '() < + #% 7-6BBC .E06/-
∫
|Σ|≤1





λ2i + (C3 − C5)|A0|2), '() <"+
6-1 0$24 /4 40&/0BC -%@60/8%) :$/4 ?%6-4 0$60 2s − 4l ?240 E% %G26B 0. l
'0$60 /4 2s = 5l 64 /- 0$% 1d 64%+ 5.& '() =H+ 0. $68% 6 4.B20/.-) A2&0$%&?.&%
/0 /4 B%6& 0$60 0. $68% 0$% B%640 -2?E%& .5 0&/8/6B 9&.7B%4 .-% ?240 06I%;
s = 5 l = 2.




λ2i #$%&% λi 6&% 0$% %/@%-86B2%4 .5 A
s
#$/$ ?%6-4 0$60 c˜2l
1%9%-1 .- As : As) L0 6B4. 1%9%-14 .- |A0|2) ,% 6- %M9B//0 0$%4% 0#.
 !"! #$%&'()*  !"
#$%&'('()* (& ')+,* -. '/) ,%'+(0M 1/(/ 3)*+(4)* '/) +/)-5-6(%5 *('$%'(-&7
8) /%9):
As : As = 13a2|D(M)|2 + 5a2|D(M)− diag(M11,M22,M33)|2 + |W (M)|2
|A0|2 = 4λ2|D(M)|2
 !" #$%&'()*
8) /%9) (& ,(&3 '/+)) ;%+'($5%+ +/)-5-6(%5 -&<6$+%'(-&*: '/) =-$)'') >-1
%&3 '1- '?;)* -. )5-&6%'(-&%5 >-1*7 8) 1%&' '- *'$3? '/) %3)#$%'(-& -. -$+
,-3)5 1('/ '/) -+(6(&%5 ,-3)5 -. @A4+%$3%&3 B)#$)$07
 !"!# $%&'((' )*%+!
8) %+) (&')+)*')3 (& -,;%+(&6 '/) +)*$5'* -. -$+ ,-3)5 1('/ '/) -+(6(&%5 @B
,-3)57 C& *'%'(-&%+? =-$)'') >-1* 1) /%9) *))& '/%' '/) 9)5-('? <)53 /%*
'/) .-+, u(x, y, z) = (γ˙y, 0, 0)7 C& '/(* %*) 1) /%9)
 !"#"$%& '( %)" *'+"!
∇u =
0 γ˙ 00 0 0
0 0 0
 , DE7 F"G
*-H (& '/) &-'%'(-&* -. I)'(-& E7"H 1) /%9)
M =
0 1 00 0 0
0 0 0
 . DE7 FEG












(−1 + a) 0 0
0 0 0 0 0 0√
2(−1 + a)
√
2(1 + a) 0 0 0 0
0 0 0 0 0 1 + a




 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
#$% # &')*+
A0 = (0, 0, 0, 2
√
2λ, 0, 0)T . ,"- ./0
12' '34'$&#56'7 *8 A #+' 3$ )237 #7'










12'9 #+' #55 :6+'59 3;#43$#+9 *+ 0-
 !"#$%"#&' &( λm &( )*&+ ,-.
<*+ =*6'))' >*?7@ ?' $''% )* %37)3$46372 )2' %3A'+'$) #7'7B a = 0@ 0 <
|a| < 1 #$% a = ±1-
a = ±1
C8 a = ±1 )2'$ D'#67' *8 ,"- .!0@ #55 )2' '34'$&#56'7 *8 A #+' 0 ?235' A 37
$*) 0- 1237 ;'#$7 )2#) )2' 2#+#)'+37)3 6+&'7 Σ(t; Σ0) #+' :*59$*;3#57 *8 t-
E*64259 )237 ;'#$7 )2#) '3)2'+ Σ0 37 # 7)#)3*$#+9 :*3$) *+ )2' 2#+#)'+37)3
53$' ;67) +*77 )2' 6$3) 7:2'+' ?2'$ t→ +∞ #$% t→ −∞- =*$7'F6'$)59@
38 ?' #$ '$76+' )2#) $* 7)#)3*$#+9 :*3$) #+' 5*#)'% 3$73%' )2' D#55@ ?' #+'
7')-






0 0 0 0 0 0
0 0 0 0 0 0
0 2
√
2 0 0 0 0
0 0 0 0 0 2
0 0 0 0 0 0
 . ,"- .I0
J' #$ 43&' )2' 'H:+'773*$ *8 )2' 2#+#)'+37)3 6+&'7B




















 . ,"- .K0
1267 ?' #$ 7'' )2#) 38 λ > 1 )2'$ )2' 2#+#)'+37)3 6+&'7 4* )* 3$L$3)9 3$
D*)2 %3+')3*$7- 12' #7' a = −1 #$ D' )+'#)'% 3$ )2' 7#;' ?#9-
0 < |a| < 1
 !"! #$%&'()*  !"
#$%&'()*'%+ ,-. "!/0 1) %$1 234) 52) )'+)%4367)& $8 a 5235 3*) 0 $* %$%
9)*$ 3%( :7*)6; '<3+'%3*;. =$*) $4)* 1) 3% &)) 5235 52) *3%? $8 A '& 40
&$ 5235 A '& ('3+$%3@6). A2'& )&&)%5'366; <)3%& 5235 &$<) :*$B)5'$%& $8 52)
23*35)*'&5' 7*4)& 3*) )66':&'&. C&'%+ 52350 1) 1'66 52)% &2$1 5235 7%()* 3
$%('5'$% λ > λm 52)% 52) 23*35)*'&5' 6'%) <7&5 234) 3 :$'%5 $75&'() 52)
7%'5 &:2)*). A2'& <)3%& 5235 52) 23*35)*'&5' 6'%) <7&5 *$&& 52) @$7%(3*;
@$52 '%13*(6; 3%( $7513*(6;.
D) %$5) ω =
√
1− a2. A2)% $%) 3% &2$1 5235 52) 23*35)*'&5' 6'%)
3% @) ()$<:$&)( 3&E






















































F5 '& :$&&'@6) 5$ )G:6''56; 8$*) 52) 52'*( :3*5 $8 52) 23*35)*'&5' 7*4)& 5$
*)32 3 :$'%5 $75&'() 52) 7%'5 @366. F%())( 1) 3% 1*'5)E
∥∥(Σ1,Σ2,Σ3)T∥∥ ≥ λ(I1(a)(1− cos(√2ωt)) + I2(a) ∣∣∣sin(√2ωt)∣∣∣)− I3(a),
,-. HI/
12)*) I1(a)0I2(a) 3%( I3(a) 3*) :$&'5'4) 87%5'$% $8 |a|E








































#$%' I1(a)(1 − cos(
√
2ωt)) + I2(a)
∣∣∣sin(√2ωt)∣∣∣) $( )*+%,', -.*/ )'0*1 )2
3 4*($5$6' *%(53%57 58$( /'3%( 5835 1' 3% $/4*('
∥∥(Σ1,Σ2,Σ3)T∥∥ > 1
+%$-*./02 $% Σ0 )2 3 *%,$5$*% *- 58' 524' λ > λm9
a = 0
:8' 4.'6$*+( 3.;+/'%5 ,*'( %*5 34402 ($%' 1' 836' ,$6$,', )2 a 5*
/3<' 58' 6'5*. B0 (+8 5835 AB0 = −A09 =+5 1' 3% 30(* 53<' 58' 6'5*.
B0 = (0, 2λ, 0, 0, 0, 0)T 3%, 58' .'(5 -*00*1(9
 !"!# $%&'()*+&')% ,%&-.
 !"#"$%& '( %)" *'+"!
>0*%;35$*%30 ?*1 3.' 03(($30 .8'*0*;$30 ?*1( 83.35'.$@', )2 3 ,$3;*%30
,'-*./35$*% .35' 5'%(*.9 A' ,$(5$%;+$(8 51* /3$% 524'( *- '0*%;35$*%%30
?*1(9 :8' B.(5 <$%, $( 3C$(2//'5.$ ?*1 $% 18$8 58' 6'0*$52 B'0, 83( 58'
'C4.'(($*% u(x, y, z) = (2ε˙x,−ε˙y,−ε˙z) 18$8 0'3,( 5*D
M =
2 0 00 −1 0
0 0 −1
 . EF9 " G
H% 58$( 3(' 58' /35.$C A 83( 58' -*00*1$%; 'C4.'(($*%D
 !"! #$%&'()*  !!
A =

4a 0 0 0 0 0
0 −2a 0 0 0 0
0 0 −2a 0 0 0
0 0 0 2a 0 0
0 0 0 0 2a 0
0 0 0 0 0 −4a
 , "#$ %&'
()* +*-./ A0 01 231. 4*56*47
A0 = (4λ,−2λ,−2λ, 0, 0, 0)T . "#$ %8'
9* 6.-* 0::*402-*3; -)2- -)* *0<*6+23=*1 .> A 2/* 06 -)01 21* 233 /*23 +23=*4
"./ A = 0 0> ?* -2@* a = 0'$
()* 1*.64 @064 .> *3.6<2-0.623 A.? 2/* B3262/ *3.6<2-0.623 A.? ?)0)
)2+* -)* +*3.0-; 5*34 u(x, y, z) = (ε˙x,−ε˙y, 0)$ ()=1
M =
1 0 00 −1 0
0 0 0
 . "#$ %#'
()01 3*241 -. 2 :2-/0C A ?)0) 01
A =

2a 0 0 0 0 0
0 −2a 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 2a 0
0 0 0 0 0 −2a
 , "#$ %D'
264 2 +*-./
A0 = (2λ,−2λ, 0, 0, 0, 0)T . "#$ %%'
 !"#$%"#&' &( λm #' )*&+ ,-.
E./ -)* -?. *3.6<2-0.623 A.?1 ?* ?26- -. 1-=4; ?* )2+* -?. B.110F030-0*17
*0-)*/ a = 0 ./ a 6= 0$ G> a = 0 -)*6 -)* :2-/0C A 01 0$ ()*6 -)* -/261B./-
+*-./ 5*34 01 -)* .61-26- +*-./ A0 264 -)* )2/2-*/01-0 =/+*1 2/* 1-/20<)-
306*1 ?0-) 40/*-0.6 A0 ?)0) :*261 -)2- ?* 26 -2@* λm = 0 >./ H/.B #$%$
G> a 6= 0 -)*6 -)* :2-/0CA 01 402<.623$ I./*.+*/ ?* 26 )*@ -)2- 1*--06<
B0 = −λ/a(1, 1, 1, 0, 0, 0)T ?* )2+* 2 +*-./ ?)0) +*/05*1 AB0 = −A0$ ()01
+*-./ 1-2641 >./ -)* 04*6-0-; :2-/0C 06 .=/ ).0* .> ../4062-*1$ G64**4 ?*
)2+* -)* /*32-0.6 ga(Id,M) = 2aD(M)$ ()=1 -)* )2/2-*/01-0 =/+*1 )2+*
-)* >./: Σ(t; Σ0) = exp(tA)(Σ0 − B0) + B0$ 9* 6.? -2@* λ 32/<* *6.=<)
 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
#$ %&'% B0 + ker(A) ($)# *$% +))% %&) ,*-% .'//0 1% -# 2$##-./) #-*) B0 ($)#
*$% .)/$*4 %$ ker(A)0 5&)* %&) &'6'%)6-#%- ,67)# #'%-#89 %&) &92$%&)#)#
$8 :0;0
 !!"#$%& '( *+!'", -
 !"#$%%&'(% ') A *(+ A0








2aM11 0 00 2aM22 0
0 0 2aM33
 , A12 =
























 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
#$%&
a111 = M12 −M21 + a(M12 +M21)
a112 = M13 −M31 + a(M13 +M31)
a113 = 0
a121 = −(M12 −M21) + a(M12 +M21))
a122 = 0
a123 = M23 −M32 + a(M23 +M32)
a131 = 0
a132 = −(M13 −M31) + a(M13 +M31)
a133 = −(M23 −M32) + a(M23 +M32)
a211 = −(M12 −M21) + a(M12 +M21)
a212 = (M12 −M21) + a(M12 +M21)
a213 = 0
a221 = −(M13 −M31) + a(M13 +M31)
a222 = 0
a223 = (M13 −M31) + a(M13 +M31)
a231 = 0
a232 = −(M23 −M32) + a(M23 +M32)
a233 = (M23 −M32) + a(M23 +M32)
a311 = 2a(M11 +M22)
a312 = M23 −M32 + a(M23 +M32)
a313 = M13 −M31 + a(M13 +M31)
a321 = −(M23 −M32) + a(M23 +M32)
a322 = 2a(M11 +M33)
a323 = M12 −M21 + a(M12 +M21)
a331 = −(M13 −M31) + a(M13 +M31)
a332 = −(M12 −M21) + a(M12 +M21)
a333 = 2a(M22 +M33)
 !"! #$%&'()*  ! 









 . 012 3!4
"# &)* .%/# -) +#(%'# Σ45 Σ5 %&6 Σ62 7.,( %8)9&-( -) 89'-,:'; -.# 8%-+,<
A12 =; -.# >%-)+ 1/
√
2 %&6 -.# 8%-+,< A21 =; -.# >%-)+
√
22 ?9'-,:'; =;√
2 %'() -.# '%(- -.+## +)*( )> A02
 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
 !"#$%&! '()*$!
 !"# &+,%-!. &(*/0&(*$1"!.






 !"#$! %# '()*+,-
 !"# % &!'()*% +" #,(")-*%##% !. '*+/012% 3% 0! 3(4.#(+" 3,%#'1%# *-5
!)(6%# 7 )*!6%*# 0! '%!. 3!"# 0% +")%8)% 3% 0! /!0"-+)&-*!'(%9 :% '*+/012%
%#) -2("%22%") +2'0%8% %) 2-0!";%< !. 2+("#< /(+&(2(% ='*-#%*6!)(+" 3.
#+(< /!**(1*%# 3% 'H < +#2+#%<9 9 9 > %) /(+2-!"(?.% =2(0(%. '+*+5-0!#)(?.%#<
)(##.# 6(6!")#< 9 9 9 >9 @+.# ",!/+*3%*+"# '!# % '*+/012% 3!"# )+.# #%# 3-5
)!(0#< 0+(" #,%" A!.)< 2!(# "+.# '*+'+#+"# )+.) 3% 2B2% ?.%0?.%# *-C%8(+"#
#.* 0%# #D#)12%# 3% *-!)(+"53(4.#(+" ?.(< #%2/0%5)5(0< ",+") '!# -)- -).3(-%#
!.'!*!6!")9
@+)*% +')(?.% %#) 0! #.(6!")% E "+.# "+.# (")-*%##+"# '*("('!0%2%") 7
0! 2(;*!)(+" 3,%#'1% &(2(?.% 7 )*!6%*# 0! '%!. '!* 3(4.#(+"9 F(%" ?.%
0! '%!. #+() 3% A!(/0% -'!(##%.*< 0%# 3(#)!"%# 7 '!*+.*(* '+.* 0%# (+"# %) 0%#
2+0-.0%# #+") 3% )!(00% 2!*+#+'(?.% %) '!* +"#-?.%") 0% )%2'# 3% 3(4.#(+"
%#) 0.( !.##( !##%G ;*!"3 =%# "+)(+"# #%*+") '*-(#-%# 3!"# 0% &!'()*%>9 H!*
+"#-?.%")< #( "+.# 6+.0+"# #.(6*% %# %#'1%# 0% 0+"; 3% 0%.* 2(;*!)(+"< "+.#
"% '+.6+"# '!# '!# "+.# '%*2%))*% 3% 3%#%"3*% 7 3%# -&%00%# 3% )%2'# )*+'
'%)()%#9  ,." !.)*% )-< 0%# %#'1%# "% A+") '!# ?.% 3(4.#%*< %00%# *-!;(##%")
!.##( %")*% %00%#9 J* %# *-!)(+"# #+") )*1# *!'(3%# % ?.( ! )%"3!"% 7 *%"3*%
0% #D#)12% 2!)&-2!)(?.% 3% *-!)(+"53(4.#(+" )*1# *!(3%9 K) #( 0,-&%00% 3%
)%2'# %#) )*1# ;*!"3%< %0! 6%.) 3(*% ?.,L%")*% 3%.8 ("#)!")#M< 0% #D#)12% !
0!*;%2%") 0% )%2'# 3% *%)+.*"%* 7 0,-?.(0(/*% &(2(?.%9 H+.6+"#5"+.# !0+*#
+"#(3-*%* ?.% 0% #D#)12% &(2(?.% %#) %" '%*2!"%"% 7 0,-?.(0(/*% N K) #(
+.(< +22%") *%"3*% +2')% +"6%"!/0%2%") 3% % A!() 2!)&-2!)(?.%2%")
%) ".2-*(?.%2%") N :% #+") 0%# 3%.8 ?.%#)(+"# ?.% "+.# !00+"# !/+*3%* 3!"#
OPQ
 !"  !"#$!%& '()$*+)$ -!.!/#)$ 0123!$$2&4 !&5&!.)&4 02*!').)&4
$ %&'()*$+
, -& '*$.(/*$ 01$2)(34 4312 45&''3*)342 '&2 6$ *7'342$ 6784()(9$+ :4 $;<
;$)= .>.$ 2( 34$')1$--$.$4) (- '&*&?) -&(* 01$= -3*201$ -$2 7%$--$2 6$ )$.'2
$4)*$ *7&)(34 $) 6(@12(34 234) 21A2&..$4) 27'&*7$2= -$ 2B2)/.$ '$1) >)*$
342(67*7 3..$ 7)&4) C -5701(-(D*$ %(.(01$ $4 '$*.&4$4$= 79&-1$* $4 '*&<
)(01$ -$ )$.'2 6$ *7&)(34 &*&)7*(2)(01$ 6$ '-12($1*2 *7&)(342 2(.1-)&47$2
45$2) '&2 )31E31*2 79(6$4)+ F&* 342701$4)= 79&-1$* '31* 01$--$2 $2'/$2 %(<
.(01$2 $) 01$--$2 *7&)(342 14 701(-(D*$ '$*.&4$4) $2) E12)(87 45$2) '&2 ;&(-$+
G312 9$**342 $))$ 6(A1-)7 41.7*(01$.$4) 21* -5$H$.'-$ 6$ -& 6(223(&)(34
6$ -5$&1+ I$))$ 6(A1-)7 $2) &122( -(7$ C -& 3.'-$H()7 6$ -& (47)(01$ %(.(01$
$4 J747*&- &* -$2 63447$2 4$ 234) 3441$2 01$ 6&42 $*)&(42 34)$H)$2 01(
234) 434 )*&42'32&D-$2 K'&* $H$.'-$ -& (47)(01$ 6$ -& 6(223(&)(34 61 6(<
3HB6$ 6$ &*D34$ 45$2) '&2 61 )31) -& .>.$ 2( -534 $2) 6&42 14$ 23-1)(34
&01$12$ L2)&46&*6M 31 6&42 -& .$* N 93(* '&* $H$.'-$  !"#$!# OPQ℄S
:4 $ 01( 34$*4$ -& .(2$ $4 T19*$ '*&)(01$ 6$ -5%B'3)%/2$ K$4 21'<
'32&4) 015$--$ 23() E12)(87$S 4312 '*3'32342 -$ 2B2)/.$ 6$ *7&)(34<6(@12(34
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G</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7/D-/$1 &m2s−1*
H+ 9.3046 · 10−9
HO− 5.2991 · 10−9
CO2 1.9 · 10−9
HCO−3 1.4532 · 10−9
CO2−3 0.92221 · 10−9
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= (Φ(
−→
C )− Φ(−→C )νT (Φ(−→C )νT )−1Φ(−→C ))div (D∇−→C )
= 0,
BC@DCE
&$ +,.+ '2 +,* '('+'.0 :.+. .-* $( +,* *67'0'9-'75 5.('2$0:3 BC@"E ?7.-.(+**&
+,.+
−→
C &+.1& $( '+ 2$- .00 +'5* .(: $(&*67*(+01 BC@"E .(: BC@DDE .-* *67'<8
.0*(+ 2$- ?$$: '('+'.0 :.+.@
 !"!" #$%& '()*+%&,- .%-*/&0&+%
O +,'-: %.1 +$ 7(:*-&+.(: BC@"E '& +$ $(&':*- . 2700 -*.+'$(8:'K7&'$( &1&+*5
∂t
−→
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xl+1 − xl (Fl+1 − Fl)
]
"#$%&'
() *+, -,./,0 1, +33-, *3 345/*, *+, 678/-79, :/;,- Fl <* *74, k + 1
1+7+ 0,<6- *3 < -,47=745077* -+,4,$ >7)<00? *+7- 0,<6- *3 < 07),<@ -?-*,4
3) (
−→
C k+1l+1/2)l 1+7+ <) A, 5/* /)6,@ *+, B3@4C
−→






C k+1l+1/2, "#$% '
1+,@, L 7- *+, 07),<@ 35,@<*3@ "7* 7- < 4<*@7; 1+,) 1, +<9, +3-,) <) 3@6,@7)D
B3@ (
−→
C k+1l+1/2)l' *+<* 13/06 <55,<@ 7) *+, /)3)-*@<7),6 E)7*, 930/4, -+,4,$
F,</-, 1, +<9, < -,47=745077* -+,4,G 1, +<9, *3 -309, < 07),<@ -?-*,4
*3 345/*,
−→
C k+1 1+70, H)317)D
−→
C k$ I31,9,@G 1, 63 )3* +<9, *+,3@,*7<0 3@
)/4,@7<0 5@35,@*7,- B3@ *+, 07),<@ -?-*,4 *+<* D/<@<)*,,- *+, )3) ),D<*797*?
3B *+, @,-/0*7)D
−→
C k+1 "3)*@<@? *3 *+, /-/<0 678/-73)'$ J, <@, *+/- B3@,6
*3 <66 < *74, -*,5 <6<5*<*73) 5@3,6/@,C 7B *+, -30/*73) 7- )3* )3) ),D<*79,
1, @,*@? 17*+ < -4<00,@ *74, -*,5$ K/4,@7<0 ,;5,@74,)*- 7)67<*, *+<* *+,
)3) ),D<*797*? 7- 03-* 7B *+, 07),<@ -?-*,4 +<- *3 *<H, 7) -*@3)D D@<67,)*-G
1+7+ 1700 A, 3/@ <-, <* *+, A,D7))7)D 3B *+, -74/0<*73)- -7), 1, +<9,
7)7*7<0 6<*/4 *+<* 63,- )3* -<*7-B? *+, A3/)6<@? 3)67*73)-$ J+,) *+, -*,,5
D@<67,)*- +<9, A,,) -433*+,6 3/* A? *+, 678/-73)G 1, 3A-,@9, *+<* *+, *74,
-*,5 7- <- 0<@D, <- 1, 1<)*$ J, 1700 *+/- +<9, <  !"#$ *74, -*,5G *+<* 7- <
4<;74/4 *74, -*,5 <0031,6 7) *+, -74/0<*73) 1+7+ 4<? )3* A, *+, /@@,)*
*74, -*,5 7) *+, A,D7))7)D 3B *+, -74/0<*73)-$
%&!( )*$+,!( -"&.$ ,&/0
F,</-, 1, +<9, 3)0? 4<6, < E@-* 3@6,@ <55@3;74<*73) 3) *+, 3)-*@<7)*G
<* *74, k 1, 4<? A, *33 B<@ B@34 *+, ,./707A@7/4 4<)7B306 A/* E@-* 1, 4/-*
5@,7-, 1+<* L*33 B<@M 4,<)-$ N3 63 *+7- 1, 34, A<H *3 *+, @,<*73)C 7) <
03<0 @,<*3@ "17*+3/* 678/-73)' 1, H)31 *+<* 1+,) *+, +,47<0 3453-7*73)
(
−→
C j) 7- )3* <* ,./707A@7/4G *+, +,47<0 @,<*73)- 1700 <69<), *3 < ,@*<7)
,;*,)* <)6 *+7- 1700 @,-/0* 7) < 4367E<*73) 3B ,<+ 3453-7*73) (δ
−→
C j) 7)
3@6,@ *3 A@7)D A<H *+, +,47<0 3453-7*73) *3 ,./707A@7/4$ O/553-, 1,
H)31 +31 *3 345/*, ,;<*0? (δCj) 7) < 03<0 @,<*3@ <- < B/)*73) 3B (
−→
C j)$
N+,) 1, <) 345/*, B3@ ,<+ -5,7,- 7*- @,0<*79, 4367E<*73) |δ−→C j|/−→C j C
7B *+, @,0<*79, 4367E<*73) <@, <00 -4<00,@ *+<) < D79,) *30,@<),G -<? 10−4
B3@ ,;<450,G 1, <) 3)-76,@ *+<* 1, +<9, )3* 439,6 A,</-, *+, @,<*73)
13/06 4367B? *+, 3453-7*73) 3)0? *3 *+, %*+ 67D7*$ N+7- 4,<)- *+<* 1,
<0@,<6? 1,@, <* ,./707A@7/4$
 !!  !"#$!%& '()$*+)$ -!.!/#)$ 0123!$$2&4 !&5&!.)&4 02*!').)&4
"# $%&'()* #+ +&-.#% #/% &+0(1'#(+) +2 %'/ $%'#(+) () ' 3+'3 $%'#+$
')0 .*.'334 #/(* '))+# 5% 0+)% ')'34#('334 5%'.*% (# &%')* +&-.#()6
#/% *+3.#(+) +2 ' *4*#%& +2 '36%5$'( %7.'#(+)8 9+:%;%$ :% 0+ <)+: #/'# 54
#/% 3': +2 +)*%$;'#(+) +2 &'** #/% &+0(1'#(+) /'* ' %$#'() *#$.#.$% ')0
#/.* (# %=(*#* ') %=#%)# ξi 2+$ %'/ $%'#(+) *+> #/'# #/% &+0(1'#(+) δ
−→
C ')
+)34 5% +2 #/% 2+$& νT ξ8 ?% +&-.#% ') '--$+=(&'#(+) +2 #/% %=#%)# ξ ;('
' @%:#+) '36+$(#/&8 A.--+*% ()(#('334 #/% *4*#%& /'* #/% +&-+*(#(+)
−→
C 08




T ξ) = 0C @%:#+)
'36+$(#/& (* #/.* #/% +&-.#'#(+) +2 ' *%7.%)% ξn 54 #/% 2+33+:()6 */%&%C{
ξ0 = 0,
ξn+1 = ξn − (∂ξΓ′(ξn))−1Γ′(ξn),
DE8F G
')0 :% /';% ∂ξΓ
′(ξn) = Φ(
−→
C 0 + ν
T ξn)ν
T













C n − νT (Φ(−→C n)νT )−1Γ(−→C n),
DE8FHG
"0%'334 :% :+.30 0%1)% #/% %=#%)# ξ = lim
n→+∞
ξn 5.# (# (* :%33I<)+:)
#/'# @%:#+) '36+$(#/& 6%)%$('334 +);%$6% ;%$4 2'*#8 B+ 0%#%$&()% #/%




C 0 = −νT (Φ(−→C 0)νT )−1Γ(−→C 0). DE8FFG
B/% $(#%$(+) 2+$ ' +&-+*(#(+)
−→
C #+ 5% '# %7.(3(5$(.& D:/(/ (* '3*+ #/%
*#+- +)0(#(+) :% (&-3%&%)# +) @%:#+)J* '36+$(#/&G (* #/.*
∀j, |δ−→C j| ≤ δ !"−→C j . DE8FEG
B/% +&-3%#% */%&% +)*(*# () 0+()6 +)% *#%- +2 0(K.*(+) 54 DE8FLG
2+33+:%0 54 ' -$+M%#(+) DE8FHG .)#(3 :% *'#(*1%0 () '33 +)#$+3 ;+3.&%* #%
$(#%$(+) DE8FEG8 N4 0%*(6)> #/% 0(K.*(+) *#%- *%)0* .* () #/% 6++0 0($%#(+) *+
#/'# #/% -$+M%#(+) *#%- */+.30 )+# 5% ;%$4 *#$()6%)# ')0 :(#/ *+&% /%.$(*#(*
&'4 )+# )%%0 #+ 5% 0+)% %;%$4 #(&% *#%-8
 !"!# $%&'(%)'*+ *, )-. /-.1. *+ % /'12&.3 43*5&.1
?% +)*(0%$ () #/(* *%#(+) +)34 #/% :'#%$ 0(**+('#(+)8 ?% #/.* /';% +)34
#:+ /%&('3 *-%(%* H+ ')0 OH− ')0 +)% $%'#(+) #/'# :% :$(#%C
 !"! #$%&'(*+ ,-&%&  !"
H2O ⇆ H
+ +OH−. #$%&'(













C ) = (−C2 − C1). #$%&=(
>+ ;/66 .1532+ .?2 ,*+1+ -. 3 2+@+2+9+ ,.6?-/.9 A/B+9 C7 3 D2,- .2:+2





kd − kr−→C 1−→C 2
kd − kr−→C 1−→C 2
)
#$%$!(
39: ;+ .1532+ .?2 9?1+2/36 ,*+1+ -. -*+ 9?1+2/36 ,.6?-/.9 .@ -*+ ,7,-+1
∂t
−→
C ′ −∆−→C ′ = σ(−→C ′). #$%$"(
>+ -3E+ -*+ B36?+, .@ -*+ *+1/36 .9,-39-, @2.1 G 8℄I
kd = 1.38 · 10−3mole · L−1 · s−1, kr = 1.40 · 1011mole−1 · L · s−1, #$%$ (
Kw = 1.00 · 10−14mole2 · s−2. #$%$J(
>+ 9.-+ -*3- ;+ *3B+ |Kw − kd/kr|/Kw = 2%%
)*+ 9?1+2/36 +45+2/1+9- /, -*+ @.66.;/9A% >+ .9,/:+2 .9+ 1+:/?1 .@
6+9A-* .9+ /9 ;*/* -*+ -;. ,5+/+, *3B+ -*+ ,31+ :/K?,/.9 .+L/+9-, #;/-*
3 :/1+9,/.96+,, B36?+ .@ 1(% M9 -*+ 1+:/?1N -*+ *+1/36 .15.,/-/.9 /,
[H+] = 3.98 · 10−8mole ·m−1, [OH−] = 2.51 · 10−7mole ·m−1, #$%$&(
;*/* 31.?9-, -. 39 +O?/6/C2/?1 .15.,/-/.9 .@ /9/-/36 pH = 7.4% P9 -*+
C.?9:32/+, ;+ ,+- 32-/D/36 Q/2/*6+- .9:/-/.9, .22+,5.9:/9A -. 39 +O?/R
6/C2/?1 .15.,/-/.9 .@ pH = 6.4 .9 -*+ 6+@- C.?9:327 39: 39 +O?/6/C2/?1
.15.,/-/.9 .@ pH = 7 .9 -*+ 2/A*- C.?9:327%
M9 ,53+ ;+ -3E+ 70 *.1.A+9+.?, D9/-+ B.6?1+, 39: -*+ -32A+- -/1+ ,-+5
/, 10−2 #9.-+ -*3- dt/dx2 = 49 ≫ 1/2(% >+ :. 100 /-+23-/.9, @.2 3 -32A+-
+9:/9A -/1+ .@ 3C.?- 1 #;*/* .22+,5.9:, -. 3C.?- 15mn .@ 2+36 -/1+(%
>+ 2?9 3 ,/1?63-/.9 .@ -*+ @?66 2+3-/.9 :/K?,/.9 ,*+1+ 39: ;+ D9: -*3-
-*+ +O?/6/C2/?1 .9,-23/9- Γ = 0 /, ,3-/,D+: /9 -*+ ,+9,+ -*3- ;+ *3B+ :+D9+:
 !  !"#$!%& '()$*+)$ -!.!/#)$ 0123!$$2&4 !&5&!.)&4 02*!').)&4











−3 Relative Extent for species 1









Relative Extent for species 2
"#$%&' ()*+ ,#-./0' .2 '3%#4#5&#%6 27 .8' &'7'&'0' -24%.#20 #0 .8' -'0-' 27
9()::;
#0 9():(; <#.8 / .24'&/0' δ
 !"
= 10−2 /- 20' /0 -'' 20 =$%&' ():) ) >8#- #-
/.%/44? 4#6#.'@ 5? 2%& 82#' 27 52%0@/&? 20@#.#20-)
A' .8%- .22B δ
 !"
= 10−2 #0 .8' -#6%4/.#20 27 2%& 20-.&/#0'@ -8'6')
"#0/44? <' /4-2 26C/&' .8' &'7'&'0' -24%.#20 .2 <8/. <' /44 .8' D7&'' @#7E
7%-#20F -8'6' <8#8 20-#-.- 27 20' -.'C 27 7&'' @#G%-#20 72442<#0$ 9()HI;
9<#.8 f = 0; /0@ .8'0 / 42/4 8'6#/4 C&2J'.#20 9():H; 9%0.#4 9():(; #- -/.E
#-='@ 'K'&?<8'&';) >8' 7%44 &'/.#20E@#G%-#20 -8'6' /0@ .8' 7&'' @#G%-#20
-8'6' /&' 26C%.'@ <#.8 .8' -/6' .#6'-.'C- /- .8' 20' &'-%4.#0$ 7&26 2%&
20-.&/#0'@ -8'6') L0 "#$%&' () <' &'C&'-'0. .8' L2 02&6 #0 -C/' 27 2%&
20-.&/#0'@ -8'6' /0@ 27 .8' 7&''E@#G%-#20 -8'6' &'4/.#K'4? .2 .8' &'7'&E
'0' -24%.#20 K'&-%- .#6') L0 54%' <' 8/K' 2%& 20-.&/#0'@ -8'6' <8#4' #0
&'@ #- .8' %&K' 72& .8' 7&'' @#G%-#20 /4$2&#.86) A' -'' .8/. .8' &'4/.#K' '&E
&2&- #- K'&? -6/44 #0 .8' 5'$#00#0$) >8#- #- @%' .2 .8' 7/. .8/. .8' .#6'-.'C
#- #0#.#/44? &'@%'@ .2 10−4) M7.'& .8#- #0#.#/4 /@'3%/.#20N <' -'' .8/. 2%&
-8'6' #- .<#' /- C&'#-' /- .8' 7&'' @#G%-#20 -8'6')
O0 .8' @#-%--#20 27 .8' K/4#@#.? 27 .8' 8?C2.8'-#- 927 -%P#'0.4? 7/-.
&'/.#20- .2 20-#@'& C'&6/0'0. 8'6#/4 '3%#4#5&#%6;N 4'. %- 02.' .8/. .8'
.24'&/0' 20 .8' '3%#4#5&#%6 20@#.#20 6%-. 5' -C'#='@ 5? .8' &'7'&'0' -2E
4%.#20) L0@''@N #7 <' 26C/&' .8' &'-%4.- 27 2%& -8'6' .2 .8' -/6' &'7'&'0'
-24%.#20N <#.8 .8' -/6' .#6'-.'C- /0@ -C/'-.'CN 5%. <#.8 @#G'&'0. .24'&/0'
C/&/6'.'& δ
 !"
N .8' 5'..'& -24%.#20 #- 02. .8' 20' <#.8 .8' -.&#.'& 20@#.#20
5%. .8' 20' <#.8 .8' -/6' .24'&/0' /- .8' &'7'&'0' -24%.#20) A' 6%-. .8%-
=0@ / 8'%&#-.#- 9<8#8 C&25/54? 4#' #0 @#-./0' 27 .8' 52%0@/&? /0@ #0#.#/4
 !"! #$%&'(*+ ,-&%&  !"


















#$%&'( )* + ,(-./$0( (''1' /1 /2( '(3('(4( 61-&/$14* 74 '(8 $6 /2( 3'(( 8$9&:
6$14;<'1=(/$14 62(>( ?2$-( $4 @-&( $6 1&' 146/'.$4(8 62(>(
8./. /1 /2( (A&$-$@'$&>B /1 6(/ /2$6 <.'.>(/(' $4 1&' >18(-*
 !"!# $%&()*%+, -./ 0+,()*, 12 *3+ 4(5+6%-) 7%5()-8
*%1. 12 *3+ 9:-).+1*3+6-;<=
 !#$$ %&#% '( )((!%')( *'%& +#$(!)%&!,#-./ )0, #'1 '2 %) 3'4! # 1)5!$ %&#%
#( )1-0%! %&! )(!(%,#%')( )6 # &!1'#$ 2-!'!2 '( %&! (!'3&+)0,&))5
)6 %&! +$))5 4!22!$/ 2'(! #( !$!4#%!5 )(!(%,#%')( )6 CO2 #,)0(5 %&! +$))5
4!22!$ )0$5 %,'33!, # 5'$#%#%')( )6 %&! +$))5 4!22!$7 8&! (01!,'#$ 2!%%'(3
*! !(4'2')( 6), ()* '2 # 1d 2!%%'(3 *&!,! 2-#! '2 20--)2!5 ,!-,!2!(%2 %&!
5!-%& )6 %&! 29'(7 8&! 29'( '%2!$6 '2 )(2%'%0%!5 )6 %*) $#.!,2 *'%& # :01-
'( %&! -),)2'%. ; %&! $#.!, *&'& '2 '( )(%#% *'%& %&! +#%& <#$$!5 %&!
 !"# $%"&= '2 #2201!5 %) +! 10& 1),! 5!(2! %&#( %&! 2!)(5 $#.!,/ # $%"&7
>( )0, 1)5!$/ %&! # $%"& '2 +)0(5!5 +. %&!  !"# $%"&'# $%"& '(%!,6#! )(
)(! 2'5! #(5 +. %&! +$))5 4!22!$ )( %&! )%&!, 2'5!7 8&'2 '2 )6 )0,2!/ # 3,!#%
2'1-$'?#%')( )6 %&! +')$)3'#$ ,!#$'%. +0% #$$)*2 02 %) 5!1)(2%,#%! %&#% )0,
2&!1! #( &#(5$! 2-#! 4#,.'(3 5'@02')( )!A'!(%2/ #2 '2 02%)1#,. *'%&
?('%! 4)$01! 2&!1!27
()*+#,$- )+#"/")+&0
8) )1-$!%! %&! 1)5!$/ #(5 1#9! (01!,'#$ 2'10$#%')(2 )6 '%/ )(! &#2
%) -,!2,'+!5 %&! +)0(5#,. )(5'%')( #% %&! 20,6#! )6 %&! 29'( #(5 #% %&!
+$))5 4!22!$ <%&! '(%!,6#! +!%*!!( %&! %*) 29'( $#.!,2 +!'(3 &#(5$!5 +. # B0C
)(%'(0'%. )(5'%')( *&'& '2 '1-$''% '( %&! ?('%! 4)$01! 6),10$#%')( <D7EF==7
 !"  !"#$!%& '()$*+)$ -!.!/#)$ 0123!$$2&4 !&5&!.)&4 02*!').)&4
#$%& %& '( )*%+%,- ),&. /(* &0+0*,- *0,&('&1 #( $,+0 ,' ,3*,)0 4(3'5,*6
('5%)%(' ('0 &$(3-5 ),.0 %')( ,(3') )$0 7$6&%&8 (* )$0 $09%&)*68 (* )$0
4%(-(:6 (/ )$0 %')0*/,0 0;$,':0 (/ 9,))0*1 <$%-0 %) %& 7(&&%4-0 )( 0;70*%90')
(' )$0 0;$,':0 40)=00' ,%* ,'5 7(*(3& 905%, >&3$ ,& &(%-? )( @'5 &(90
0$,':0 -,= ,'5 )$0' )*,'&7(&0 )$%& -,= )( )$0 &.%' >/(*:0))%': )$,) %) %& ,
4%()%&&30 ,'5 .007%': ('-6 %)& 7(*(3& 7*(70*)6?8 %) &009& $%:$-6 3'-%.0-6 )$,)
&3$ , 7*(053*0 (3-5 :%+0 +,-%5 *0&3-)& ,) )$0 &.%' 4-((5 +0&&0- %')0*/,0
=$%$ $,& )( 40 93$ 9(*0 (97-0;1 A'0 ,' )$%'. (/ )$0 4-((5 +0&&0- ,&
, *0&%&)%': 9094*,'0 >, 7(&&%4%-%)6 ),.0' 3'50* ('&%50*,)%(' 46  !"# ,'5
 #!$&?8 -0&&0'%': )$0 B3; ,& )$0 5%C0*0'0 (/ ('0')*,)%('& /*(9 ('0 &%50
)( )$0 ()$0* 40(90& )(( -,*:01 #$%& ('5%)%(' =(3-5 ),.0 )$0 /(*9
• %/ Cbj ≥ Cb minj =0 $,+0 )$0 '(DB3; ('5%)%(' Dj∂xCj = 0 )$*(3:$ )$0
9094*,'0E Cbj %& )$0 ('0')*,)%(' (/ &70%%0& '3940* j %' )$0 4-((5
+0&&0-&8 ,'5 Cbminj %& &(90 &70%@05 9%'%939 )$*0&$(-5 (' C
b
j E





=$0*0 rj =(3-5 40 )$0 *0&%&),'0 (/ )$0 9094*,'0 )( &70%0& j1 G(&&%4-68 )$%&
*0&%&),'0 )( &70%0& j (3-5 40 %'@'%)0 ,'5 )$0 '( B3; ('5%)%(' =(3-5 40
3'('5%)%(',-1
A' )$0 ()$0* $,'58 ('0 (3-5 )$%'. )$,) )$0 4-((5 +0&&0- $,& , 7*0&*%405
$09%,- (97(&%)%(' )$,) 93&) '() 40 ),970*05 =%)$ 46 )$0 (3)&%508 ,'5
('&%50* )$%& 4-((5 (97(&%)%(' ,& , H%*%$-0) 4(3'5,*6 ('5%)%('1 I& /,*
,& (3* (=' .'(=-05:0 :(0&8 )$0&0 )=( &0',*%(& ,*0 0J3,--6 +,-%5 >(* 9(*0
,3*,)0-68 0J3,--6 &%97-%&)% ,'5 3'7$6&%,-?1
K(* )$0 9(90')8 =0 5( '() $,+0 ,' ,'&=0* )( )$%& 7*(4-091 <0 ,'
('-6 &,6 )$,)8 %' (3* &$0908 =0 ,' ),.0 %')( ,(3') &0+0*,- >%/ 3'*0,-%&)%?
-,&&%,- 4(3'5,*6 ('5%)%('& &3$ ,& %'$(9(:0'0(3& H%*%$-0) (* L039,''
4(3'5,*6 ('5%)%('1
 !"#$%&
I'()$0* %')0**(:,)%(' ,) )$%& 7(%') %& )$0 '()%(' (/ 9,))0* )*,'&7(*)1
M%'0 )$0 $09%,- &70%0& &%93-),'0(3&-6 5%C3&0 ,'5 *0,) $(= 5( =0 50@'0
)$0 7*0%&0 J3,')%)6 )$,) 9(+05 /*(9 7-,0 A )( 7-,0 BN O('&%50* )$,)
A ,'5 B ,*0 )$0 4(3'5,*%0& (/ )$0 5(9,%'1 ,'5 %9,:%'0 )$,) )$0 &(-3)%('
*0,$05 , &),)%(',*6 *0:%901 P/ =0 =0*0 %' , 73*0-6 5%C3&%+0 &0',*%(8 )$0'
)$0 &),)%(',*6 0J3,)%(' =(3-5 40 −∂x(D∂x−→C ) = 0 ,'5 46 %')0:*,)%': )$%&
0J3,)%(' (+0* )$0 %')0*+,- [A,B] 6%0-5& )$,) )$0 (3)0* B3; ,) B 93&) 40 0J3,-
 !"! #$%&'(*+ ,-&%&  !"
#$ #%& '((&) *+, -# A. /%'0 '0 ($# #)+& -(12$)& 3'#% 4".56 -0 #%& &7+-#'$(
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g,d + (µg,d + λg,d)∂xyû
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[− ((2µ+ λ)∂xûx + λ∂yûy)] = 0,[
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ûx = Ux(x) sin(ky),
ûy = Uy(x) cos(ky),
456758
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exp(kx) + Cgx exp(kx), 4567?8
Uxd (x) = Bd exp(−kx) +Ddx exp(−kx), 4567@8
Uyd (x) =
(
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Dd, 456  8
• K$-+,-*,+. $& -$'=(# )+'"))3
(2µ+ λ)g(kAg + Cg)− λg(kAg + αgCg) =
(2µ+ λ)d(−kBd +Dd)− λd(−kBd + αdDd), 456 L8
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(µd + µgαd)(2µd + λd)
− αg















(µd + µgαd)(µd + λd)
− 2µg
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(σg)xx = F + ε ((2µg + λg) (kAg + Cg)− λg(kAg + αgCg)) sin(ky),











= F + ε
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= F + εkF
(
− 2µgµd
(µg + µdαg)(µg + λg)
+
2µgµd





(σg)xy = ε (µgkAg + µgkAg + µgαgCg + µgCg) cos(ky),
= ε
(
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(σg)yy = ε (λg (kAg + Cg)− (2µg + λg)(kAg + αgCg)) sin(ky)
= ε (−2µgkAg + (λg − (2µg + λg)αg)Cg) sin(ky)
= ε
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(µg + µdαg)(2µg + λg)
+ µgαd
µg − µd




















2µ2g + (µg − µd) 2µgλg2µg+λg
(µg + µdαg)(µg + λg)
− 2µgµd
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2µ2g + (µg − µd) 2µgλg2µg+λg
(µg + µdαg)(µg + λg)
− 2µgµd
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σ∗(t,Ψt(x)) : D(∇x∗u∗)(t, ψ(t, x))dx
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0 230 45(/ 6770440 0/ .+/+864 46  !"##$%& '()!%#*+*$,-"% 94
0:-,;0 768<(-, 3/0 08;6-/0 6=>-.3?;+ *6/, 46 *+@/-;-(/ *0 46 780,,-(/A *(/
78+-,(/, 2304 ,0/, /(3, *(//(/, B 46 *+(=7(,-;-(/ #$% &' C 7(38 /(3, σ˜
/50,; 76, /+0,,6-80=0/; B ;860 /3440% D304 0,; 45-/;+8E; 64(8, *0 *-,;-/.308
3/0 768;-0 *-6.(/640 63 ;0/,038 *0, (/;86-/;0, F G5-=7(8;6/;A 7(38 /(3,A 0,;
230A *53/0 768;A πh /0 *+70/* 76, *3 H6=7 *0 I-;0,,0 034+8-0/ uA 0; 230A
*563;80 768;A σ˜ *(-; E;80 /34 4(8,230 40 H6=7 *0 I-;0,,0 u 0,; (/,;6/; #*(/
/34 B 3/ H6/.0=0/; *0 8+<+80/;-04 .644-4+0/ 78J,'% K0 230 /(3, *-,(/,A 0/
-=7(,6/; +  !$%!$ 46 *+(=7(,-;-(/ #$% &'A 50,; 230A 4(8,230 40 L3-*0 0,; 63
807(,A 40 H6=7 *0 <(80 -/;08/0 ,50:080 *0 <6M(/ /(8=640 #T (x, n)//n' (3
63;80=0/; *-;A 235-4 /50:-,;0 76, *0 <8(;;0=0/; ;6/.0/;-04 0/;80 *03: ,(3,N
768;-0, *3 L3-*0 0/ (/;6;%
O(3, 78(4(/.0(/, 64(8, 46 4(- *0 O0P;(/ #$%QR' 0/ -=7(,6/; *56>(8* 230
σ˜ ,(-; 4-/+6-80 0/ <(/;-(/ *3 ;63: *0 *+<(8=6;-(/ D(∇u) #73-,230 D(∇u)
0,; (==0 /(3, 456I(/, *-; 46 .+/+864-,6;-(/ /6;380440 *0 γ˙'% S8-80 3/0 80N
46;-(/ 4-/+6-80 0/;80 40 ;0/,038 *0, (/;86-/;0, σ 0; 40 ;0/,038 *0, ;63: *0
*+<(8=6;-(/ 50,; +8-80 230 H6230 (0T-0/; σ˜ij *0 σ˜ ,5+8-; (==0 3/0
(=>-/6-,(/ 4-/+6-80 *0, (0T-0/;, Akl *0 D(∇u)% 94 0:-,;0 *(/ +  !$%!$
*0, (0T-0/;, ηklij #<(8=6/; 0 235(/ 703; 6770408 3/ ;0/,038 *0 I-,(,-;+'
;04, 230 C




V/ I(-; *(/ 2350/ ;(3;0 .+/+864-;+A -4 0:-,;0 0/ <6-; WQ I-,(,-;+, 7(38 3/
L3-*0% V/ 703; 8+*3-80 0 /(=>80 0/ 80=68236/; 230 σ˜ 0; A ,(/; *0, ;0/,038,







0 23- 46-,,0 ;(3; *0 =E=0 R" (0T-0/;,% O(3, 86Y(3;(/, 64(8, 45HX7(;HJ,0
230 40 L3-*0 0,; -,(;8(70A 0 23- ,-./-@0 230 ,(/ .8(370 *0 ,X=+;8-0 0,; 40
.8(370 *0 ;(3;0, 40, 8(;6;-(/, *0 450,760 C (/ 703; ;(38/08 3/ +H6/;-44(/ *0
L3-*0 -,(;8(70 *6/, ;(3, 40, ,0/, ,6/, 688-I08 B 0/ *-,;-/.308 *0, 78(78-+;+,
*-Z+80/;0,% [/ <6-,6/; 0;;0 HX7(;HJ,0 0; 0/ 0:74(-;6/; 0, /(3I0440, ,X=+N
;8-0,A (/ 8+*3-; 40 /(=>80 *0 I-,(,-;+, B ,0340=0/; *03:A 230 /(3, /(;(/, µ
0; λ 0; 45+236;-(/ #$%RU' ,0 8++8-; *0 <6M(/ (=76;0 C
σ˜ = 2µD(∇u) + λTr(D(∇u)) Id = 2µD(∇u) + λ(div u) Id. #$%RQ'
[/ 3;-4-,6/; #$% &' 0; #$%R ' (/ (>;-0/; 40 ;0/,038 *0, (/;86-/;0, (=740; C
 !"! #%&'()(*+, -.*./0&1 2( 3&42(,  !"
σ = (−πh + λ(div u)) Id+ 2µD(∇u). #$%& '
()*)+, -./ 01+, /**/ 3-.1*4)+5 πh5 µ /* λ ,)+* 0/, )/64/+*, -.4 +/ 037
8/+0/+* -./ 0/ 91 0/+,4*3 0/ :1,,/ ρ% ;)<,-./ 9=3-.1*4)+ #$%& ' /,* ).893/
1>/ 9/, 3-.1*4)+, #$%?' /* #$%@'5 )+ )A*4/+* 9/ 39BA</ ,C,*B:/ 0/ (1>4/<7
D*)E/, ):8</,,4A9/ #A1<)*<)8/ 1< )+ +/ 8</+0 81, /+ ):8*/ 91 */:83<17
*.</'%
 !" #$" "%&'#$" (&!")'*+$"
F+*3</,,)+,7+)., :14+*/+1+* G 91 9)4 0/ H))E/% ()., 0/>)+, 3<4</ .+/ 9)4
94+314</ /+*</ 9/ */+,/.< 0/, )+*<14+*/, /* 9/ */+,/.< 0/ 03I)<:1*4)+% J1+, 91
9)4 0/ H))E/5 =/,* 91 8<)8<43*3 0/ 94+31<4*3 -.4 8<30):4+/ /* +)., K)4,4,,)+,
)::/ */+,/.< 0/, 03I)<:1*4)+, 9/ */+,/.< 0/, 8/*4*/, 03I)<:1*4)+, ε% $L).7
*)+, 0/ +).>/1. 91 8<)8<43*3 0=4,)*<)84/ 8).< 9/ :1*3<41. /* +)., )A*/+)+,
91 9)4 0/ H))E/ M3+3<194,3/ N
σ(t, X) = 2µD(∇Xξ) + λ∇Xξ, #$%&&'
)O λ /* µ ,)+* 9/, )/64/+*, 0/ ;1:3 0. :1*3<41.%
 !"!# $%&'(%)* +),-.&)//)* .01)+'()*
$8<B, 1>)4< /P894-.3 )::/+* 9/, K1+M/:/+*, 0/ <3I3</+*4/9, 1Q/*14/+*
9/, -.1+*4*3, :31+4-./, )::/ 9/ K1:8 0/ >4*/,,/ /* 9/ */+,/.< 0/, )+7
*<14+*/,5 +)., 199)+, :)+*</< )::/+* 49, 1Q/*/+* 9/, 3-.1*4)+, )+,*4*.*4>/,
/99/,7:R:/, ,.< 9=/P/:89/ 0. :)0B9/ 0/ S1PT/99%
U)+,403<)+, 9=3-.1*4)+ 04Q3</+*4/99/ #$%V!' 03W+4,,1+* 9/ :)0B9/ 0/ >4,7
)391,*44*3 0/ S1PT/99 /+ 4,1499/:/+* ,4:89/ /* /,,1C)+, 0/ >)4< ,4 +).,
8).>)+, 3<4</ .+ :)0B9/ ,/:A91A9/ -.4 ,)4* >191A9/ -./99/ -./ ,)4* 91 I)<:/
0. K1:8 0/ >4*/,,/ u% ;/ 89., ,4:89/ ,/:A9/5 0=.+/ 81<*5 0/ </:891/< 91
)+*<14+*/ 0/ 4,1499/:/+* 81< 9/ */+,/.< 0/, )+*<14+*/, 9.47:R:/ /*5 0=1.*</
81<*5 0/ </:891/< 9/ *1.P 0/ 4,1499/:/+* 81< 9/ */+,/.< 0/, *1.P 0/ 03I)<7
:1*4)+, ):89/* 2D(∇xu)% ;/ 4,1499/:/+* ,4:89/ ,.88<4:1+* 9/ */<:/ 0/
)+>/*4)+ 8).< 0/, <14,)+, M3):3*<4-./,5 +)., 9/ <1L).*)+, 8).< 9/, X)*,
M3+3<1.P% $4+,45 +)., 8).<<4)+, */+*/< 0/ M3+3<194,/< 9/ :)0B9/ 0/ S1PT/99
G 9=140/ 0. :)0B9/ 04Q3</+*4/9 0)++3 81< 9=3-.1*4)+ N
T0(∂tσ + u · ∇σ) + σ = 2ηD(∇xu). #$%&!'
 !"  !"#$! %& $'%!()"*+)', %&" $*+!-)*#.
#$% &' (%)*)(' ,-./0'1)2)134 &$ &.) .*51)161)2' ,.)1 71%' &$ 878' ,$*5 &'
%393%'*1)'& '* 8.62'8'*1: ;/5'%2.*5 (.6%1$*1 .88'*1 <=:>!? 5' 1%$*59.%8'
5.65 &-'@'1 ,6 A$*B'8'*1 ,' %393%'*1)'& C
∂tσ
∗ = Q˙σQT +QσQ˙T +Q(∂tσ + (Q˙
T (x∗ − a)−QT a˙) · ∇xσ)QT , <=:>D?
u∗ · ∇x∗σ∗ = Q((QT a˙+QT Q˙QT (x∗ − a) + u) · ∇σ)QT , <=:>E?
∂tσ
∗ + u∗ · ∇x∗σ∗ = Q˙σQT +QσQ˙T +Q(∂tσ + u · ∇σ)QT . <=:>F?
G.65 $2.*5 61)&)53
QT Q˙QT = −QTQQ˙T = −Q˙T , <=:>"?
(.6% 5)8(&)H'% <=:>F?:
G.65 2.I.*5 ,.* J6'4 5) .* $ <=:>!? ,$*5 &' %393%'*1)'& ,' %393%'*'4 *.65
$2.*5 '* 9$)1
T0(∂tσ
∗ + u∗ · ∇x∗σ∗) + σ∗ = 2ηD(∇x∗u∗) + Q˙QTσ∗ + σ∗QQ˙T , <=:>K?
,$*5 &' %393%'*1)'& '* 8.62'8'*1: L-3J6$1).* .*51)161)2' *-'51 ($5 )*2$%)$*1'
($% A$*B'8'*1 ,' %393%'*1)'&4 ' *-'51 ,.* ($5 6*' 3J6$1).* $'(1$/&' (.6%
6* 8.,M&' (AI5)J6':
#.6% 5' 5.%1)% ,' '11' )8($55'4 6*' 8$*)M%' ,' (%.3,'% '51 ,' ($55'% ($%
&$ 9.%8' )*13B%$&' ,' <=:N!? C (.6% 3%)%' &$ .*1%$)*1' '* 9.*1).* ,6 1$6O ,'
)5$)&&'8'*14 *.65 ,'2.*5 %35.6,%' &-3J6$1).* ,)@3%'*1)'&&' '1 *.65 ./1'*.*5











Q$*5 '11' )*13B%$&'4 .* 2.)1 $(($%$R1%' γ˙(t′)dt′ J6) '51 &' )5$)&&'8'*1
)*H*)135)8$& $6 1'8(5 t′: S) *.65 )*13B%.*5 ($% ($%1)'54 *.65 (.62.*5 9$)%'















#6)5J6' γ(t, t′) '51 &' )5$)&&'8'*1 '*1%' &'5 )*51$*15 t′ '1 t4 .* ('61 B3*3%$U
&)5'% &-3J6$1).* (%33,'*1' '* %'8(&$V$*1 &' )5$)&&'8'*14 ($% 'O'8(&' ($% &'
1'*5'6% ,' ,39.%8$1).* %'&$1)9 ,' W)*B'% Ht′ ,3H*) ($% <=:E?: G.65 ./1'*.*5
$&.%5 '* 2$%)$/&'5 &$B%$*B)'**'5 C
 !"! #%&'()(*+, -.*./0&1 2( 3&42(,  !"











'()*+,*(*+ *-./ 012)3-*/ ,++, 15.(+)-* 6(2 2(66-2+ (. +,76/ 6-.2 2,8
+2-.3,2 .*, 9-27.:(+)-* 0);12,*+),::,% <-.2 ,:(= *-./ (.2-*/ >,/-)* 0, :(
012)31, 0, Ft′(t, x
′) #01?*) 6(2 #$%!&& 6(2 2(66-2+ @ t A
∂tFt′(t, x
′) = dx′(φ˙t ◦ φ−1t′ )(t, x′)
= dx′(φ˙t ◦ φ−1t ◦ φt ◦ φ−1t′ )(t, x′)
= dx(φ˙t ◦ φ−1t )(t, φt ◦ φ−1t′ (x′))dx′φt ◦ φ−1t′ )(t, x′)
= dxu(t, φt ◦ φ−1t′ (x′))Ft′(t, x′),
#$%!B&
-C -* ( .+):)/1 :( 01?*)+)-* 0. D(76 0, 3)+,//, ,.:12),* u 0-**1, 6(2 #$% &%
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I, 62,7),2 +,27, ,/+ *.: 6(2 01?*)+)-* 0, H ,+ :, /,-*0 3(.+ −1/T0σ%
$)*/)= *-./ *-./ (6,2,3-*/ 5., :J-* 6,.+ G1*12(:)/,2 :, 7-0K:, 0, '(L8




σ + σ = 2GD(∇xu), #$%!E&
-C
▽
σ = ∂tσ + u · ∇xσ −∇xuσ − σ(∇xu)T , #$%!N&
 !"  !"#$! %& $'%!()"*+)', %&" $*+!-)*#.
#$%&'() *+ #$,&-$) .)/01,)**)  !"$%&'()' #2 .)(%)2, σ3 412, )..) ,+&%1(6
*7$82+.&1( 9:3;<= )%. +00)*$) /1#>*) #) ?+@A)** %2,1(-).$3 B) /1#>*) +
$.$ 0,101%$ 0+,  !"#$%" #+(% C!D℄3 F( G+&.6 H*#,1I# + /1(.,$ 827&* )@&%.+&.
0*2%&)2,% 01%%&J&*&.$% 012, *+ '$($,+*&%+.&1( #2 /1#>*) #) ?+@A)** 0+, *) K1&@
#72() J1(() #$,&-$) .)/01,)**) 012, *)% .)(%)2,% L 1( 0)2. K1&%&, (7&/01,.)
82)**) #$,&-$) #) *+ G1,/)
Daσ
Dt = ∂tσ+u ·∇xσ+σW (∇u)−W (∇u)σ−a(D(∇u)σ+σD(∇u)), 9:3;M=
1N *71( (1.) W (M) *+ 0+,.&) +(.&%I/$.,&82) #) *+ /+.,&) M ). 1N a )%. 2(
,$)* 1/0,&% )(.,) [−1, 1]3 O1,82) a = 1 1( ,).,12-) *+ #$,&-$) %2,1(-).$)3
O1,%82) a = −1 1( 0+,*) #) #$,&-$) %12%P1(-).$) L 7)%. *) /1#>*) 82)
*71( 1J.&)(. %& 1( ,)/0*+) *) .)(%)2, #) Q&('), H 0+, *) .)(%)2, #) R,))(P
O+',+(') E #+(% 9:3; =3 O1,%82) a = 0 1( 0+,*) #) #$,&-$) 1,1.+.&1(()**) 12
#) S+2/+((3 412, -1&, 82) )% #$,&-$)% %1(. J&)( &(-+,&+(.)% 0+, K+(')/)(.
#) ,$G$,)(.&)* &* %2T. #) +*2*), L
σ∗W (∇x∗u∗)−W (∇x∗u∗)σ∗ = Q(σW (∇u)−W (∇u)σ)QT −QσQ˙T − Q˙σQT ,
9:3;U=
D(∇x∗u∗)σ∗ + σ∗D(∇x∗u∗) = Q(D(∇u)σ + σD(∇u))QT . 9:3!"=
O+ ,)%.,&.&1( %2, a -&)(. #72( K+(')/)(. #) .I0) L *7$82+.&1( 0),# %1(
KI0),J1*&&.$ *1,%82) |a| > 1 ) 82& )/0VK) #) ,$%12#,) *) 0,1J*>/) #)
B+2KI 9-1&, &$'()*+ ,(-.#"% ). /.01 C;D℄=3
B1//) (12% *7+-1(% +((1($ 0,$$#)//)(.6 *) /1#>*) #) S)W,)I% 9:3D<=
0)2. %) '$($,+*&%), #) *+ /V/) G+X1( 82) *) /1#>*) #) ?+@A)**3 F( 2.&*&%+(.
*+ #$,&-$) %2,1(-).$)6 1( 1J.&)(. *) $*>J,) /1#>*) #7H*#,1I#PY6 .,>% 2.&*&%$




σ + σ = 2η(T1
▽
D(∇xu) +D(∇xu)). 9:3!D=
 !" #$%&'$%( )*+( ($, &%( -$./%( 0.+,%$1
O+ /+Z)2,) 0+,.&) #) )..) .K>%) $.+(. 1(%+,$) [ *7$.2#) #72( /1#>*)
012, *)% /+.$,&+2@ -&.,)2@ /12%6 0,$%)(.1(%P*)% ,+0&#)/)(.3 \12% ,)(-1I1(%
(1.+//)(. +2@ .K>%)% #) 2.13 C]D℄6 456#.0" C]<℄ ). 2$%$- C]]℄ 012, #)
0*2% +/0*)% &(G1,/+.&1(%3
 !"! #$%&'$%( )*+( ($, &%( -$./%( 0.+,%$1  !"
 !"!# $% &'%()*&*+( ,*&'-.)-
#$ %&&'($) *'+, ** ./( 0% 1%*2+'( ,( *'3/4( ,3/, *'32, 5*%*, 6 ,302)(7
02./2)( 3/ 8%9(/:; #$ %&&'($) ($,/2*( ./( 0(, ,302)(, ,3$* 3$,*2*/5, )=%*31(,
3/ )( 1305/0(, )2,&3,5, ,/' /$ '5,(%/ >)2* '2,*%002$? %03', ./(7 )%$, 0(,
02./2)(,7 0(, 1305/0(, ,3$* *'+, 02@'(,7 (* ,=%82*($* )%$, *3/, 0(, ,($,7 )=%/*%$*
&0/, 42*( ./( 0% *(1&5'%*/'( (,* 50(45(; A0 B%/* %03', '5%02,(' ./(7 03',./=3$
'(B'32)2* /$ 02./2)(7 $3$ ,(/0(1($* 0(, 1305/0(, '%0($*2,,($*7 1%2, ,/'*3/*
(00(, ,=3')3$$($*; #$ )2* ./( 0(, 1305/0(, 8%8$($* /$ 3')'( )( &3,2*23$;
C3$*'%2'(1($* D ( ./=3$ &3/''%2* '32'(7 0(, 1305/0(, $( B3$* )3$ &%, ./(
'%0($*2' E,/' &0%(F ,%$, ,( &'53/&(' )( 0(/' ($42'3$$(1($*;
A0 %''24( &3/'*%$* ./( ( ,32* 0( %,; G%$, ('*%2$, &'3(,,/, )( '(B'32)2,H
,(1($*7 0% )I$%12./( 1305/0%2'( '%0($*2* ,%$, &3/' %/*%$* ./( 0(, 1305/0(,
$( ,=3')3$$($* 0(, /$(, &%' '%&&3'* %/: %/*'(,; J( 1%*5'2%/ % %03', 0% ,*'/H
*/'( 12'3,3&2./( )=/$ 02./2)( 1%2, ,=53/0( 2$K$21($* 0($*(1($* D 1(,/'(
./( ,% 42,3,2*5 )(42($* )( &0/, ($ &0/, 8'%$)( 6 D 0=L20 $/7 20 ,(1@0( ./(7
@2($ ./( M/2)(7 0( 1%*5'2%/ $( ,=53/0( &%,; N/2,./( )( *(0, 1%*5'2%/: $(
,=53/0($* &%,7 3$ 0(, 3$,2)+'( 311( ,302)(, 1%2,7 D %/,( )( 0=%@,($( )(
,*'/*/'( '2,*%002$(7 ( ,3$* )(, ,302)(, %13'&O(,; J(, 1%*5'2%/: ./2 &(/4($*
,/@2' (, &'3(,,/, ,3$* %&&(05, 4(''(,; J% K8/'( P;Q )5'2* ( &O5$31+$(
)( *'%$,2*23$ 42*'(/,( &%' '%&&3'* D /$ &O5$31+$( )( '2,*%002,%*23$ )%$, /$
)2%8'%11( *(1&5'%*/'(R5$('82( (* )%$, /$ )2%8'%11( *(1&5'%*/'(R*(1&,
)( '(0%:%*23$;
SO('13)I$%12./(1($*7 0(, 4(''(, >($ )(,,3/, )( 0% *(1&5'%*/'( )( *'%$H
,2*23$ 42*'(/,(? ,3$* &2585, )%$, )(, 5*%*, 15*%,*%@0(, )=5$('82( 02@'(; J(
*(1&, )( '(0%:%*23$ (,* )(4($/ *(00(1($* 8'%$) ./=20, 5430/($* *'+, 0($*(H
1($* >3$ )2* ./=20, 42(2002,,($*?; T %/,( )( 0(/' %@,($( )( ,*'/*/'(7 3$
)2* ,3/4($* ./( 0( 1%*5'2%/ 5430/( )%$, /$ E&%I,%8( )=5$('82( 02@'(F &%'*2H
/02+'(1($* O%3*2./( %4( )( $31@'(/: &/2*, )( &3*($*2(0 (* )(, @%''2+'(,
)=5$('82(, &(*2*(, (* 8'%$)(,;
 !"!/ 0+123- 1- 4*25-
N3/' 13)502,(' (**( ,2*/%*23$ (:*'U1(1($* 31&0(:(7 !"$%"&7'!()
*+* (*,!-*$". 3$* &'3&3,5 )%$, V""℄ )( $( &%, )5'2'( 0=2$*58'%02*5 )/ &%IH
,%8( )=5$('82( 02@'(7 1%2, )( $( 3$,2)5'(' ./( 0% )2,*'2@/*23$ ,*%*2,*2./( )(,
@%''2+'(, )=5$('82(; G%$, /$( %&&'3O( )( O%1& 13I($7 0( ,I,*+1( (,* )5H
'2* &%' 0% &'3@%@202*5 )( ,( *'3/4(' )%$, /$ &/2*, )( &'3B3$)(/' 5$('85*2./(
e D 0=2$,*%$* t; C(**( 5430/*23$ ,( B%2* %03', &%' 0=5./%*23$ ,/24%$*( 6
 !  !"#$! %& $'%!()"*+)', %&" $*+!-)*#.
 !"# "#$% &'()*+,+--'.'/0 ,123)4- 5# 67)92/# :'- ;49'- )*7<'- +/,+=7'/0
>1?@*>70+*/ ,7 .20?)+27 A B2--' 0'.3?)207)'
















E2/- >' -F-04.' C"#! DG ρ(e) '-0 >2 ,+-0)+B70+*/ ,' B2))+4)' ,' 3*0'/0+'> '0
x '-0 7/ 32)2.40)' =7+ H*7' >' )>' ,17/' 0'.3?)207)' C3'/-') x = kbT *J kb
'-0 >2 */-02/0' ,' K*>0L.2//D# :' 3)'.+') 0').' ,?)+0 >2 3*--+B+>+0? 3*7)
>' -F-04.' ,' -*)0+) ,' >1?020 e 2@' 7/ 0'.3- ,' )'>2M20+*/ 1/Γ0 exp(e/x)
02/,+- =7' >' -'*/, 0').' ,?)+0 7/' )?32)0+0+*/ 23)4- ()2/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